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Lecture 13:

Global Illumination 
using Path Tracing
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Review (one more time): the re!ection equation

n
ωo

ωi

BRDF Illumination

<latexit sha1_base64="EDcIQ11UzAyEi+TLJYQXaOH955k="></latexit>

Lo(p,!o) =

Z

⌦2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

p

<latexit sha1_base64="TNK+FS1iWyzsrH66WjItJLWtiCo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkmTY0yQxJRihD/8KNC0Xc+jfu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMbzO/+0SVZpF8MLOY+gKPJQsZwcZKjwOBzUSJNJ4PqzW37uZAq8QrSA0KtIbVr8EoIomg0hCOte57bmz8FCvDCKfzyiDRNMZkise0b6nEgmo/zRPP0ZlVRiiMlH3SoFz9vZFiofVMBHYyS6iXvUz8z+snJrz2UybjxFBJFh+FCUcmQtn5aMQUJYbPLMFEMZsVkQlWmBhbUsWW4C2fvEo6F3WvUb+8b9SaN0UdZTiBUzgHD66gCXfQgjYQkPAMr/DmaOfFeXc+FqMlp9g5hj9wPn8AFumRMw==</latexit>

Li(p,!i)

<latexit sha1_base64="bf9wJdwjv2BrgI2CXLaZtxjeACc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTozCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utVSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR9eZ334gUtFI3OtxTHyOBoL2KUbaSIF9cBvQiseRHkqexpNT6EWcDFBATwK77FSdKeAicXNSBjkagf3l9SKccCI0ZkipruvE2k+R1BQzMil5iSIxwiM0IF1DBeJE+en0hQk8NkoP9iNpSmg4VX9PpIgrNeah6cyOVfNeJv7ndRPdv/RTKuJEE4Fni/oJgzqCWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD3iSltg=</latexit>

Lo(p,!o)

<latexit sha1_base64="SdmnnxjZ3E+djEMyx2P/AO5tBqk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTqTCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwmhEmppqRjqxJIiHjLTD0XXmtx+IVFRE93ocE5+jQUT7FCNtpMA+uA1ExeNIDyVP48kp9AQnAxSIk8AuO1VnCrhI3JyUQY5GYH95PYETTiKNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNfQCHGi/HT6wgQeG6UH+0KaijScqr8nUsSVGvPQdGbHqnkvE//zuonuX/opjeJEkwjPFvUTBrWAWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD4tMluQ=</latexit>



Last time: Monte Carlo estimate for the re!ection equation

Lo(p,!o) =

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

!j ⇠ p(!)

Estimate:

Sample:

1

N

NX

j=1

fr(p,!j ! !o)Li(p,!j) cos ✓j
p(!j)

Monte Carlo estimate via sampling solid angle according to the PDF:!j ⇠ p(!)

Re!ection equation in terms of integration over solid angles:

n
ωo

ωi

p

<latexit sha1_base64="TNK+FS1iWyzsrH66WjItJLWtiCo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkmTY0yQxJRihD/8KNC0Xc+jfu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMbzO/+0SVZpF8MLOY+gKPJQsZwcZKjwOBzUSJNJ4PqzW37uZAq8QrSA0KtIbVr8EoIomg0hCOte57bmz8FCvDCKfzyiDRNMZkise0b6nEgmo/zRPP0ZlVRiiMlH3SoFz9vZFiofVMBHYyS6iXvUz8z+snJrz2UybjxFBJFh+FCUcmQtn5aMQUJYbPLMFEMZsVkQlWmBhbUsWW4C2fvEo6F3WvUb+8b9SaN0UdZTiBUzgHD66gCXfQgjYQkPAMr/DmaOfFeXc+FqMlp9g5hj9wPn8AFumRMw==</latexit>

Li(p,!i)

<latexit sha1_base64="bf9wJdwjv2BrgI2CXLaZtxjeACc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTozCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utVSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR9eZ334gUtFI3OtxTHyOBoL2KUbaSIF9cBvQiseRHkqexpNT6EWcDFBATwK77FSdKeAicXNSBjkagf3l9SKccCI0ZkipruvE2k+R1BQzMil5iSIxwiM0IF1DBeJE+en0hQk8NkoP9iNpSmg4VX9PpIgrNeah6cyOVfNeJv7ndRPdv/RTKuJEE4Fni/oJgzqCWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD3iSltg=</latexit>

Lo(p,!o)

<latexit sha1_base64="SdmnnxjZ3E+djEMyx2P/AO5tBqk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTqTCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwmhEmppqRjqxJIiHjLTD0XXmtx+IVFRE93ocE5+jQUT7FCNtpMA+uA1ExeNIDyVP48kp9AQnAxSIk8AuO1VnCrhI3JyUQY5GYH95PYETTiKNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNfQCHGi/HT6wgQeG6UH+0KaijScqr8nUsSVGvPQdGbHqnkvE//zuonuX/opjeJEkwjPFvUTBrWAWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD4tMluQ=</latexit>
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Last time: Monte Carlo estimate for the re!ection equation

Estimate:

Sample:

Monte Carlo estimate via sampling points on lights:

Re!ection equation in terms of integration over one light source area:

n
ωo

ωi

p

<latexit sha1_base64="TNK+FS1iWyzsrH66WjItJLWtiCo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkmTY0yQxJRihD/8KNC0Xc+jfu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMbzO/+0SVZpF8MLOY+gKPJQsZwcZKjwOBzUSJNJ4PqzW37uZAq8QrSA0KtIbVr8EoIomg0hCOte57bmz8FCvDCKfzyiDRNMZkise0b6nEgmo/zRPP0ZlVRiiMlH3SoFz9vZFiofVMBHYyS6iXvUz8z+snJrz2UybjxFBJFh+FCUcmQtn5aMQUJYbPLMFEMZsVkQlWmBhbUsWW4C2fvEo6F3WvUb+8b9SaN0UdZTiBUzgHD66gCXfQgjYQkPAMr/DmaOfFeXc+FqMlp9g5hj9wPn8AFumRMw==</latexit>

Lo(p,!o)

<latexit sha1_base64="SdmnnxjZ3E+djEMyx2P/AO5tBqk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTqTCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwmhEmppqRjqxJIiHjLTD0XXmtx+IVFRE93ocE5+jQUT7FCNtpMA+uA1ExeNIDyVP48kp9AQnAxSIk8AuO1VnCrhI3JyUQY5GYH95PYETTiKNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNfQCHGi/HT6wgQeG6UH+0KaijScqr8nUsSVGvPQdGbHqnkvE//zuonuX/opjeJEkwjPFvUTBrWAWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD4tMluQ=</latexit>

p0

<latexit sha1_base64="kF5ND/G/+PS1xfr0+9YAzg+YZsE=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvoqsxIRZdFNy4r2AdMh5JJM21oMhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLa+sbmVnm7srO7t39QPTzqaJkqQttEcql6IdaUs5i2DTOc9hJFsQg57YaTu9zvPlGlmYwfzTShgcCjmEWMYGMlvy+wGSuRJeezQbXm1t050CrxClKDAq1B9as/lCQVNDaEY619z01MkGFlGOF0VumnmiaYTPCI+pbGWFAdZPPIM3RmlSGKpLIvNmiu/t7IsNB6KkI7mUfUy14u/uf5qYlugozFSWpoTBYfRSlHRqL8fjRkihLDp5ZgopjNisgYK0yMbaliS/CWT14lncu616hfPTRqzduijjKcwClcgAfX0IR7aEEbCEh4hld4c4zz4rw7H4vRklPsHMMfOJ8/evKRZA==</latexit>

Lo(p,!o) =

Z

A0
fr(p, (p

0 � p) ! !o)L
cos ✓ cos ✓0

|p� p0|2 dA

<latexit sha1_base64="542Psmj260nt1KuGqD3hxKbWT+I="></latexit>

Assume area light source emitting radiance L in all directions.

pj ⇠ p(p)

<latexit sha1_base64="Mo6iEjaXSiH/Kqd5ubnd+iX5aSU=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoiFV0W3bisYB/QhjCZTtqxM5MwMxFK6NKNv+LGhSJu/QR3/o2TNqC2HrhwOOde7r0niBlV2nG+rMLS8srqWnG9tLG5tb1j7+61VJRITJo4YpHsBEgRRgVpaqoZ6cSSIB4w0g5GV5nfvidS0Ujc6nFMPI4GgoYUI20k3z7scaSHkqfxxL+DPUU5jCs/2olvl52qMwVcJG5OyiBHw7c/e/0IJ5wIjRlSqus6sfZSJDXFjExKvUSRGOERGpCuoQJxorx0+sgEHhulD8NImhIaTtXfEyniSo15YDqzE9W8l4n/ed1EhxdeSkWcaCLwbFGYMKgjmKUC+1QSrNnYEIQlNbdCPEQSYW2yK5kQ3PmXF0nrtOrWqmc3tXL9Mo+jCA7AEagAF5yDOrgGDdAEGDyAJ/ACXq1H69l6s95nrQUrn9kHf2B9fAP42pny</latexit>

1

N

NX

j=1

fr(p, (p0 � p) ! !o)L cos ✓ cos ✓0

p(pj) |p� p0|2

<latexit sha1_base64="d3v2RtQdHKtuqywg70TtJ+6N3r0="></latexit>

✓

<latexit sha1_base64="jeMNMzS8PsU1FWkR24iA8gyofpY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilVg9HHGm/XHGr7hxklXg5qUCORr/81RvELI24QiapMV3PTdDPqEbBJJ+WeqnhCWVjOuRdSxWNuPGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/UyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6terlfa1Sv8njKMIJnMI5eHAFdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/po+PMA==</latexit>

✓0

<latexit sha1_base64="Er9fyfvqDeJ8IYKoE4tWNho+OYc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoseiF48V7Ae0oWy2m3bpZhN2J0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GdzO//cS1EbF6xEnC/YgOlQgFo2ildg9HHOl5v1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/m5U3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMb/xMqCRFrthiUZhKgjGZ/U4GQnOGcmIJZVrYWwkbUU0Z2oRKNgRv+eVV0rqserXq1UOtUr/N4yjCCZzCBXhwDXW4hwY0gcEYnuEV3pzEeXHenY9Fa8HJZ47hD5zPHwkaj2E=</latexit>
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Review: talk to me about why this picture looks like this

For video see: http://pharr.org/matt/assets/bistro-spp.mp4
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Major themes from last time
Monte Carlo: draw samples from integration domain according to p(x) 

Evaluate estimator at all samples 

In estimation, average of estimators is the integral we wish to compute   

Importance sampling: biasing sampling towards parts of the domain where integrand is 
large reduces variance in Monte Carlo estimate 

- Consider: 

- E.g., shape             to be proportional to:

<latexit sha1_base64="EDcIQ11UzAyEi+TLJYQXaOH955k="></latexit>

Lo(p,!o) =

Z

⌦2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

<latexit sha1_base64="EDcIQ11UzAyEi+TLJYQXaOH955k="></latexit>

Lo(p,!o) =

Z

⌦2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

<latexit sha1_base64="EDcIQ11UzAyEi+TLJYQXaOH955k="></latexit>

Lo(p,!o) =

Z

⌦2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!ip(!)

<latexit sha1_base64="L30pvG9jjT2fqq3QLXEI0mUbCk8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXInoMevEYwTwkWcLsZDYZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1oQ2iuNLtCBvKmaQNyyyn7URTLCJOW9Hodua3nqg2TMkHO05oKPBAspgRbJ30mJS7StABPu8VS37FnwOtkiAjJchQ7xW/un1FUkGlJRwb0wn8xIYTrC0jnE4L3dTQBJMRHtCOoxILasLJ/OApOnNKH8VKu5IWzdXfExMsjBmLyHUKbIdm2ZuJ/3md1MbX4YTJJLVUksWiOOXIKjT7HvWZpsTysSOYaOZuRWSINSbWZVRwIQTLL6+S5kUlqFYu76ul2k0WRx5O4BTKEMAV1OAO6tAAAgKe4RXePO29eO/ex6I152Uzx/AH3ucPLTiQAg==</latexit>

If priors on the lighting are known: eg., environment light sampling, 
bias samples toward powerful lights in many-light setting

If BRDF is highly peaked, like a very glossy surface

<latexit sha1_base64="EDcIQ11UzAyEi+TLJYQXaOH955k="></latexit>

Lo(p,!o) =

Z

⌦2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

If no priors of lighting/BRDF known, or if lighting environment 
and/or BDRF are largely constant 
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Review: example of lighting environment with peaked distribution

� 2 [0, 2⇡]
<latexit sha1_base64="akKes79Z6BzjcXBt32J4q3kHz1s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFfRY8OKxgv2AJJTNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDjkoySWibJDyRvRArypmgbc00p71UUhyHnHbD8c3M7z5QqVgi7vUkpUGMh4JFjGBtpL5d9dMRQz4TyHPOG37Kgr5dc+rOHGiVuAWpQYFW3/7yBwnJYio04Vgpz3VSHeRYakY4nVb8TNEUkzEeUs9QgWOqgnx++hSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+53mZjq6DnIk001SQxaIo40gnaJYDGjBJieYTQzCRzNyKyAhLTLRJq2JCcJdfXiWdRt29qDfuLmvNVhFHGY7hBM7AhStowi20oA0EHuEZXuHNerJerHfrY9FasoqZI/gD6/MHkbCS8g==</latexit>

✓ 2 [0,⇡]
<latexit sha1_base64="cLw7E+ya7f6Aq1yTfkgx65GDD+c=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwICWpgh4LXjxWsB/QhLLZTtulm03YnYil9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5USqFQc/7dtbWNza3tgs7xd29/YND96jUNEmmOTR4IhPdjpgBKRQ0UKCEdqqBxZGEVjS6nfmtR9BGJOoBxymEMRso0RecoZW6binAISCjgVC0410EqQi7btmreHPQVeLnpExy1LvuV9BLeBaDQi6ZMR3fSzGcMI2CS5gWg8xAyviIDaBjqWIxmHAyv31Kz6zSo/1E21JI5+rviQmLjRnHke2MGQ7NsjcT//M6GfZvwolQaYag+GJRP5MUEzoLgvaEBo5ybAnjWthbKR8yzTjauIo2BH/55VXSrFb8y0r1/qpcq+dxFMgJOSXnxCfXpEbuSJ00CCdP5Jm8kjdn6rw4787HonXNyWeOyR84nz+3EZOf</latexit>

Most of the incoming light comes from this direction.
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Importance sampling reduces variance in re!ection estimate

Importance 
sampling

1 4 16 64 256 1024

Uniform 
sampling
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What about an image like this? 
Direct illumination + re!ection + transparency

Perfect mirror: Glass

Image credit: Henrik Wann Jensen
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Computing mirror re!ection and transmission directions
Re!ected ray:

~n
!i !o

✓i ✓o

�i �o

�o = (�i + ⇡)mod 2⇡✓ = ✓o = ✓i

Top-down view 
(looking down on surface)

!o = �!i + 2(!i · ~n)~n

Refracted ray: (transmission)

~n!i

�i

<latexit sha1_base64="xyzPWd0At/EQ07CarxWE+Q6IoKI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIosuiG5cV7AOaECbTSTt0ZhJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cKGVUadf9tipr6xubW9Xt2s7u3n7dPjjsqiSTmHRwwhLZj5AijArS0VQz0k8lQTxipBdNbgu/90ikool40NOUBByNBI0pRtpIoV330zENfY70WPKczkK74TbdOZxV4pWkASXaof3lDxOccSI0ZkipgeemOsiR1BQzMqv5mSIpwhM0IgNDBeJEBfk8+Mw5NcrQiRNpntDOXP29kSOu1JRHZrJIqJa9QvzPG2Q6vg5yKtJME4EXh+KMOTpxihacIZUEazY1BGFJTVYHj5FEWJuuaqYEb/nLq6R73vQumpf3F43WTVlHFY7hBM7AgytowR20oQMYMniGV3iznqwX6936WIxWrHLnCP7A+vwBVtqTiw==</latexit>

�o

<latexit sha1_base64="w/7FQmu0wiW9IxCnGk0rLHUIy3k=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIosuiG5cV7AOaECbTSTt0HmFmItTQL3HjQhG3foo7/8ZJm4W2Hhg4nHMv98yJU0a18bxvp7K2vrG5Vd2u7ezu7dfdg8OulpnCpIMlk6ofI00YFaRjqGGknyqCeMxIL57cFn7vkShNpXgw05SEHI0ETShGxkqRWw/SMY0CjsxY8VzOIrfhNb054CrxS9IAJdqR+xUMJc44EQYzpPXA91IT5kgZihmZ1YJMkxThCRqRgaUCcaLDfB58Bk+tMoSJVPYJA+fq740cca2nPLaTRUK97BXif94gM8l1mFORZoYIvDiUZAwaCYsW4JAqgg2bWoKwojYrxGOkEDa2q5otwV/+8irpnjf9i+bl/UWjdVPWUQXH4AScAR9cgRa4A23QARhk4Bm8gjfnyXlx3p2PxWjFKXeOwB84nz9f+JOR</latexit>

✓o

<latexit sha1_base64="kmNLwIZLbA7vCftRaVexyGHTDCQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRKp6LLoxmUF+4A2hMl00g6dzISZG6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOmHCmwXW/rdLa+sbmVnm7srO7t39gVw87WqaK0DaRXKpeiDXlTNA2MOC0lyiK45DTbji5yf3uA1WaSXEP04T6MR4JFjGCwUiBXR3AmAIOBjGGsYozOQvsmlt353BWiVeQGirQCuyvwVCSNKYCCMda9z03AT/DChjhdFYZpJommEzwiPYNFTim2s/m0WfOqVGGTiSVeQKcufp7I8Ox1tM4NJN5Qr3s5eJ/Xj+F6MrPmEhSoIIsDkUpd0A6eQ/OkClKgE8NwUQxk9UhY6wwAdNWxZTgLX95lXTO616jfnHXqDWvizrK6BidoDPkoUvURLeohdqIoEf0jF7Rm/VkvVjv1sditGQVO0foD6zPH/n4lHo=</latexit>

⌘i sin ✓i = ⌘o sin ✓o
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�o = (�i + ⇡)mod 2⇡
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Basic recursive ray tracing for a perfect mirror
Spectrum TraceRay(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d; 
   
  if (bsdf->isMirror()) { // handle case of perfect mirror surface 
  Vector3d wi = computeMirrorReflDir(isect.N, wo); 
  if (ray.depth == MAX_DEPTH) 
   return Spectrum(0.0); 

  else 
    return TraceRay(Ray(isect.P, wi, ray.depth+1)); 

} else {                 // non-mirror case, compute reflectance due to unshadowed 
                         // area source of radiance L 
  Spectrum Lo; 
  for (int i=0 to NUM_LIGHT_SAMPLES) { 

// sample point on light source to get: p_j, pdf(p_j) 

// compute MC estimator...  

Lo += estimator / NUM_LIGHT_SAMPLES; 
  } 
} 

}

1

N

NX

j=1

fr(p, (p0 � p) ! !o)L cos ✓ cos ✓0

p(pj) |p� p0|2

<latexit sha1_base64="d3v2RtQdHKtuqywg70TtJ+6N3r0="></latexit>

Re!ectance due to 
direct lighting

Specular mirror re!ectance
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Basic recursive ray tracing

Virtual 
Sensor

Pinhole 
Camera

Opaque

Mirror

Glass

Opaque

Opaque

Opaque
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Whitted’s recursive ray tracer

Spheres and Checkerboard 
T. Whitted, 1979 

“An improved Illumination model for shaded display” 
T. Whitted, CACM 1980 

Time: 
 - VAX 11/780 (1979) 74m 
 - PC (2006) 6s 
 - GPU (2012) 1/30s

1. Always send ray 
to the light source (unless glass or mirror) 

2. Recursively generate re!ected rays (mirror) and 
transmitted rays (glass) 



Stanford CS248A, Winter 2024

Mirror, depth 1
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Mirror, depth 2
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Mirror, depth 3
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Mirror, depth 10
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Glass, depth 1
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Glass, depth 2
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Glass, depth 3
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Glass, depth 10
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Direct illumination + re!ection + transparency

Image credit: Henrik Wann Jensen

Perfect mirror: Glass



Stanford CS248A, Winter 2024

With indirect illumination

Image credit: Henrik Wann Jensen
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p

Direct illumination only
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p

With indirect illumination
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Importance of indirect illumination

Image credit: Brennan Shacklett
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Importance of indirect illumination

Image credit: Brennan Shacklett
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Importance of indirect illumination
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Scene breakdown: by bounce
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0 bounces (visible light sources)
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1 bounce (direct illumination)
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2 bounces
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3 bounces
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4 bounces
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8 bounces
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Energy balance
Accountability 
- [outgoing] - [incoming] = [emitted] - [absorbed] 

Macro level: 
- The total light energy put into the system must equal the energy leaving

�o � �i = �e � �a
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Energy balance
Accountability 
- [outgoing] - [incoming] = [emitted] - [absorbed] 

Micro level: 
- The energy !owing into a small region of space must equal the energy !owing out:

Eo(p)� Ei(p) = Ee(p)� Ea(p)
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Surface balance equation

Lo(p,!o) =Le(p,!o) + Lr(p,!o)

=Le(p,!o) +

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

[outgoing] = [emitted] + [incoming] - [absorbed] 

[re!ected] = [incoming] - [absorbed] 

[outgoing] = [emitted] + [re!ected]

The problem: need to know incident radiance!
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Incident radiance function
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The rendering equation

Rewrite incident radiance in terms of exitant radiance at 1st visible surface:

Lo(p,!o) = Le(p,!o) +

Z

H2

fr(p,!i ! !o)Lo(tr(p,!i),�!i) cos ✓i d!i

Light scattering Light transport

p

p0 = tr(p,!)

Radiance invariance along rays:

Li(p,!i) = Lo(tr(p,!i),�!i)

“Radiance arriving at      from direction 
is the same as radiance leaving        from direction                .” 

Li(p,!i) = Lo(tr(p,!i),�!i)
Li(p,!i) = Lo(tr(p,!i),�!i)p0 = tr(p,!)

Li(p,!i) = Lo(tr(p,!i),�!i)p0 = tr(p,!)
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The rendering equation

L(p,!o) =Le(p,!o)+Z

H2

fr(p,!i ! !o)L(tr(p,!i),�!i) cos ✓i d!i

<latexit sha1_base64="m4tTFfi5sRLcgnR3DDlIt7RCiCM="></latexit>
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The rendering equation: area form
Can rewrite rendering equation as an integral over surface area of objects in the scene 

- Apply change of variables 
- Introduce binary visibility function:

d! =
cos ✓

r2
dA

V (p $ p0)

!i �!i

= Le(p,!o) +

Z

A
fr(p, (p

0 � p) ! !o)Lo(p
0, (p� p0))G(p $ p0) dp0

p

p0

✓

✓0!o G(p $ p0) = V (p $ p0)
cos ✓ cos ✓0

|p� p0|2

Lo(p,!o) =Le(p,!o)+Z

A
fr(p, (p

0 � p) ! !o)Lo(p
0, (p� p0)) cos ✓ V (p $ p0)

cos ✓0

|p� p0|2 dp
0

<latexit sha1_base64="0fPYXlFwu1aGiDCYsodJGxMZ9AI="></latexit>
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The rendering equation as a sum over paths

Le

p

p1

p2

p3

p4

Lo(p1 ! p) =Le(p1 ! p)

+

Z

A
Le(p2 ! p1)f(p2 ! p1 ! p)G(p1 $ p2)dA(p2)

+

Z

A

Z

A
Le(p3 ! p2)f(p3 ! p2 ! p1)G(p2 $ p3)f(p2 ! p1 ! p)G(p1 $ p2)dA(p3)dA(p2)

+ · · ·

Lo(p1 ! p) =
1X

n=1

P (p̄n)

Path of length 1

Paths of length 2

Paths of length 3

Energy reaching p from all paths of length n

Path of length n (n+1 vertices)
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The rendering equation as a sum over paths

Le

p

p1

p2

p3

p4

P (p̄n) =

Z

A

Z

A

Z

A
· · ·
Z

A
Le(pn ! pn�1)

⇥
 

n�1Y

i=1

f(pi+1 ! pi ! pi�1)G(pi+1 $ pi)

!
dA(p2) · · · dA(pn)

=

Z

A

Z

A

Z

A
· · ·
Z

A
Le(pn ! pn�1)T (p̄n)dA(p2) · · · dA(pn)

<latexit sha1_base64="pvwU0nGU08W96k62u18udJHUQmE="></latexit>

Path “throughput” = fraction of light from light source 
at point pn reaching p

T (p̄n)Le
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How do we sample paths?

Lo(p,!o) = Le(p,!o) +
fr(!o,!i) cos ✓i

p(!i)
Lo(p

0,�!i)

= Le +
fr cos ✓i
p(!i)


Le(p

0,�!i) +
fr(�!i,!0

i) cos ✓
0
i

p(!0
i)

Lo(p
00,!00

i )

�

= · · ·
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!00
i

Idea: generate random path incrementally starting at camera

Recursive expansion of estimator:
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Basic recursive path tracing

Spectrum PathLo(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d, wi; 
  Float pdf; 
  Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 

  return isect.Le(wo) +  
    fr * PathLo(Ray(isect.P, wi)) * Dot(wi, isect.N) / pdf; 
}

Note how over the entire path the indirect illumination is modulated 
by product of probabilities of individual path segments.
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Kajiya, 1986
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One sample per pixel
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32 samples per pixel
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1024 samples per pixel
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The postcard-sized path tracer
#include <stdlib.h> // card > pixar.ppm
#include <stdio.h>
#include <math.h>
#define R return
#define O operator
typedef float F;typedef int I;struct V{F x,y,z;V(F v=0){x=y=z=v;}V(F a,F b,F
c=0){x=a;y=b;z=c;}V O+(V r){R V(x+r.x,y+r.y,z+r.z);}V O*(V r){R V(x*r.x,y*r.
y,z*r.z);}F O%(V r){R x*r.x+y*r.y+z*r.z;}V O!(){R*this*(1/sqrtf(*this%*this)
);}};F L(F l,F r){R l<r?l:r;}F U(){R(F)rand()/RAND_MAX;}F B(V p,V l,V h){l=p
+l*-1;h=h+p*-1;R-L(L(L(l.x,h.x),L(l.y,h.y)),L(l.z,h.z));}F S(V p,I&m){F d=1\
e9;V f=p;f.z=0;char l[]="5O5_5W9W5_9_COC_AOEOA_E_IOQ_I_QOUOY_Y_]OWW[WaOa_aW\
eWa_e_cWiO";for(I i=0;i<60;i+=4){V b=V(l[i]-79,l[i+1]-79)*.5,e=V(l[i+2]-79,l
[i+3]-79)*.5+b*-1,o=f+(b+e*L(-L((b+f*-1)%e/(e%e),0),1))*-1;d=L(d,o%o);}d=sq\
rtf(d);V a[]={V(-11,6),V(11,6)};for(I i=2;i--;){V o=f+a[i]*-1;d=L(d,o.x>0?f\
absf(sqrtf(o%o)-2):(o.y+=o.y>0?-2:2,sqrtf(o%o)));}d=powf(powf(d,8)+powf(p.z,
8),.125)-.5;m=1;F r=L(-L(B(p,V(-30,-.5,-30),V(30,18,30)),B(p,V(-25,17,-25),V
(25,20,25))),B(V(fmodf(fabsf(p.x),8),p.y,p.z),V(1.5,18.5,-25),V(6.5,20,25)))
;if(r<d)d=r,m=2;F s=19.9-p.y;if(s<d)d=s,m=3;R d;}I M(V o,V d,V&h,V&n){I m,s=
0;F t=0,c;for(;t<100;t+=c)if((c=S(h=o+d*t,m))<.01||++s>99)R n=!V(S(h+V(.01,0
),s)-c,S(h+V(0,.01),s)-c,S(h+V(0,0,.01),s)-c),m;R 0;}V T(V o,V d){V h,n,r,t=
1,l(!V(.6,.6,1));for(I b=3;b--;){I m=M(o,d,h,n);if(!m)break;if(m==1){d=d+n*(
n%d*-2);o=h+d*.1;t=t*.2;}if(m==2){F i=n%l,p=6.283185*U(),c=U(),s=sqrtf(1-c),
g=n.z<0?-1:1,u=-1/(g+n.z),v=n.x*n.y*u;d=V(v,g+n.y*n.y*u,-n.y)*(cosf(p)*s)+V(
1+g*n.x*n.x*u,g*v,-g*n.x)*(sinf(p)*s)+n*sqrtf(c);o=h+d*.1;t=t*.2;if(i>0&&M(h
+n*.1,l,h,n)==3)r=r+t*V(500,400,100)*i;}if(m==3){r=r+t*V(50,80,100);break;}}
R r;}I main(){I w=960,h=540,s=16;V e(-22,5,25),g=!(V(-3,4,0)+e*-1),l=!V(g.z,
0,-g.x)*(1./w),u(g.y*l.z-g.z*l.y,g.z*l.x-g.x*l.z,g.x*l.y-g.y*l.x);printf("P\
6 %d %d 255 ",w,h);for(I y=h;y--;)for(I x=w;x--;){V c;for(I p=s;p--;)c=c+T(e
,!(g+l*(x-w/2+U())+u*(y-h/2+U())));c=c*(1./s)+14./241;V o=c+1;c=V(c.x/o.x,c.
y/o.y,c.z/o.z)*255;printf("%c%c%c",(I)c.x,(I)c.y,(I)c.z);}}// Andrew Kensler

[Decyphering the postcard sized path tracer, Fabien Sanglard]

[Andrew Kensler]
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Partitioning the rendering equation

Incident direct illumination: 
- Sample lights+BRDFs 
Incident indirect illumination: 
- Recursive evaluation of rendering eqn.

Lo(p,!o) =Le(p,!o)+Z

H2

fr(!i ! !o)Li,d(p,!i) cos ✓i d!i+
Z

H2

fr(!i ! !o)Li,i(p,!i) cos ✓i d!i

Li,d(p,!i)

Li,i(p,!i)

Li(p,!i) = Li,d(p,!i) + Li,i(p,!i)
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Path tracing

p1

p2

Le
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Path tracing: sampling indirect illumination

Sample incoming direction from some distribution (e.g. proportional to BRDF): 
Recursively call path tracing function to compute incident indirect radiance 
Estimator:

Z

H2

fr(!i ! !o)Li,i(p,!i) cos ✓i d!i

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

!i ⇠ p(!)

fr(!i ! !o)Li,i(p,!i) cos ✓i
p(!i)
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Path tracing: recursive

Spectrum PathLo(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d; 

  Spectrum Ld = ReflFromDirectLighting(bsdf, wo); 

  Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
  return (depth == 0 ? isect.Le(wo) : 0.) + Ld +  
    fr * PathLo(Ray(isect.P, wi)) * Dot(wi, isect.N) / pdf; 
}

Lo(p,!o) =Le(p,!o)+Z

H2

fr(!i ! !o)Li,d(p,!i) cos ✓i d!i+
Z

H2

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i d!i

Re!ectance due to incident 
direct lighting
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Path contribution

Le
p1

p2

p4

p3

!o,2 !i,2

�(p̄) =
Y

j

fr(pj ,!o,j ,!i,j) cos ✓i,j
p(!i,j)

Li =
X

�(p̄)Le
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Path tracing: iterative version
Spectrum PathLo(Ray ray) { 
  Spectrum Lo = 0, beta = 1; 
  int depth = 0; 
  while (true) { 
    Intersection isect = scene->Intersect(ray); 
    Vector3f wo = -ray.d; 
    if (depth == 0) Lo += isect.Le(wo); 
    BSDF brdf = isect.GetBSDF(); 

    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
    beta *= fr * Dot(wi, isect.N) / pdf; 
    depth++; 
    ray = Ray(isect.P, wi);  
  } 
  return Lo; 
}

What’s the problem with this implementation?
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Russian Roulette
De"ne path termination probability 

Randomly terminate path based on      ; 
-    for surviving paths, scale contribution by 

Russian roulette gives expectation:

q
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q
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(1� q)E


X

1� q

�
+ qE[0] = E[X]
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1� q
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Russian Roulette
Spectrum PathLo(Ray ray) { 

  Spectrum Lo = 0, beta = 1; 

  int depth = 0; 

  while (true) { 

    Intersection isect = scene->Intersect(ray); 

    Vector3f wo = -ray.d; 

    if (depth == 0) Lo += isect.Le(wo); 

    BSDF bsdf = isect.GetBSDF(); 

    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 

    beta *= fr * Dot(wi, isect.N) / pdf; 

    float q = 0.25; 

    if (randomFloat() < q) break; 

    else beta /= (1-q); 

    depth++; 

    ray = Ray(isect.P, wi); 

  } 

  return Lo; 

}

P(choosing ωi |not_terminating) P(not terminating)

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

Recall the estimator:
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Improving Russian Roulette
Recurring principle: It’s best to avoid spending computation on samples that make a small contribution 

How do you know a sample will make a small contribution before you evaluate it? 

Recall: 

               is a reasonable proxy for expected contribution

Li = �(p̄)Le

�(p̄)
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Russian Roulette: better
Spectrum PathLo(Ray ray) { 
  Spectrum Lo = 0, beta = 1; 
  int depth=0; 
  while (true) { 
    Intersection isect = scene->Intersect(ray); 
    Vector3f wo = -ray.d; 
    if (depth == 0) Lo += isect.Le(wo); 

    BSDF bsdf = isect.GetBSDF(); 
    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
    beta *= fr * Dot(wi, isect.N) / pdf; 

    Float q = 1 - beta.MaxComponentValue(); 
    if (UniformFloat() < q) break; 
    beta /= 1 - q; 
    depth++; 

    ray = Ray(isect.P, wi); 

  } 
  return Lo; 
}

High path throughput yields low 
termination probability
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No Russian Roulette: 3.9 seconds 
MSE 0.00379, MC E$ciency 67.4

E�ciency / 1

Variance⇥ Cost
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Terminate 90%: 2.5 seconds 
MSE 0.0124, MC E$ciency 32.90

E�ciency / 1

Variance⇥ Cost
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Terminate proportional to path contribution: 2.9 seconds 
MSE 0.00413, MC E$ciency 84.76

E�ciency / 1

Variance⇥ Cost
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Advanced topic: path guiding
Recall the MC estimator: 

Regular path tracing: sample 
(or something similar to it) 

But: really want to sample 

Idea: learn the distribution of light in the scene to guide sampling

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

wi ⇠ fr(!i ! !o)
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/ fr Lo cos ✓
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Advanced topic: 
path guiding

Baseline PPG Neural

[Müller et al. 2018]

Use results from prior paths to 
in!uence choice of future paths.
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Recent work: caching/reusing good paths 

High sample count path 
traced “ground truth”

Path traced: 1 path/pixel (8 ms/frame) Path traced: 1 path/pixel using ReSTIR GI (8.9 ms/frame)

Key idea: cache good paths, reuse good 
paths found from from prior frames or 
for prior pixels in same frame 

[Ouyang et al. 2021]
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Path tracing summary
Path tracing: sample paths through scene (from the domain of all possible paths) 
- Unbiased estimator of solution to the full rendering equation (provided paths are correctly weighted by 

their probabilities… (incorrect PDFs are a common source of bugs) 

Simple, elegant, brute force! ;-) 

E$ciency comes from intelligent biasing of paths toward the most “important” paths. 
- But that’s a topic for CS348B


