
Computer Graphics: Rendering, Geometry, and Image Manipulation 
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Lecture 19:

Volumes and Points
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Today’s subject
Rendering from geometry representations that are not meshes 
- Volume rendering 
- Point rendering 

And their implications to modern progress in scene capture
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Volumetric e!ects
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Absorption in a volume

                    radiance along a ray from p in direction ω 
Absorption cross section at point in space: 
- Probability of being absorbed per unit length 
- Units: 1/distance

L(p,!) L+ dL
�a(p)

�a(p)

dL(p,!) = ��a(p)L(p,!) ds

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds

p = (x, y, z)

<latexit sha1_base64="GyeBDh+davkHb3nDbIR6GvqB2iI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREKroRim5cVrAPaEOZTCft0JkkzEykMeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c9yQUaks69sorK1vbG4Vt0s7u3v7B+ZhuSODSGDSxgELRM9FkjDqk7aiipFeKAjiLiNdd3qb+d1HIiQN/AcVh8ThaOxTj2KktDQ0ywOO1ETwJEyvq7NaXHs6G5oVq27NAVeJnZMKyNEaml+DUYAjTnyFGZKyb1uhchIkFMWMpKVBJEmI8BSNSV9TH3EinWSePYWnWhlBLxD6+QrO1d8bCeJSxtzVk1lSuexl4n9eP1LelZNQP4wU8fHikBcxqAKYFQFHVBCsWKwJwoLqrBBPkEBY6bpKugR7+curpHNetxv1i/tGpXmT11EEx+AEVIENLkET3IEWaAMMZuAZvII3IzVejHfjYzFaMPKdI/AHxucPZDqUBQ==</latexit>

! = (�, ✓)

<latexit sha1_base64="8kg+hUG4P4ZaXiSuX4wwrtKsvCg=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCBAkzEtGLEPTiMYJZIDOEnk5N0qRnobtGCEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1fMTKTTa9peVW1peWV3Lrxc2Nre2d4q7e00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyhzcTv/UASos4usdRAl7I+pEIBGdopG7xwI1D6LOrspsMxCl1cQDITrrFkl2xp6B/iTMnJTJHvVv8dHsxT0OIkEumdcexE/QyplBwCeOCm2pIGB+yPnQMjVgI2sum54/psVF6NIiVqQjpVP05kbFQ61Hom86Q4UAvehPxP6+TYnDpZSJKUoSIzxYFqaQY00kWtCcUcJQjQxhXwtxK+YApxtEkVjAhOIsv/yXNs4pTrZzfVUu163kceXJIjkiZOOSC1MgtqZMG4SQjT+SFvFqP1rP1Zr3PWnPWfGaf/IL18Q3spJTT</latexit>

L(p,!)

<latexit sha1_base64="pijO9OP4J8nL6P5pFk6auVFnTN8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpREKrosunHhooJ9QBPKZDpph84jzEyEGoq/4saFIm79D3f+jZM2C209MHA4517umRPGlCjtut9WYWl5ZXWtuF7a2Nza3rF391pKJBLhJhJUyE4IFaaE46YmmuJOLDFkIcXtcHSd+e0HLBUR/F6PYxwwOOAkIghqI/Xsg9uKz6AeSpbGk1NfMDyAJz277FbdKZxF4uWkDHI0evaX3xcoYZhrRKFSXc+NdZBCqQmieFLyE4VjiEZwgLuGcsiwCtJp+olzbJS+EwlpHtfOVP29kUKm1JiFZjJLqua9TPzP6yY6ugxSwuNEY45mh6KEOlo4WRVOn0iMNB0bApEkJquDhlBCpE1hJVOCN//lRdI6q3q16vldrVy/yusogkNwBCrAAxegDm5AAzQBAo/gGbyCN+vJerHerY/ZaMHKd/bBH1ifPwfFlPY=</latexit>

dL(p,!)

ds
= ��a(p)L(p,!)

<latexit sha1_base64="80aALtSC36IgtUA51ZPLtmit9WU="></latexit>
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Absorption in a volume

L(p,!) L+ dL
�a(p)

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds

p = (x, y, z)

<latexit sha1_base64="GyeBDh+davkHb3nDbIR6GvqB2iI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREKroRim5cVrAPaEOZTCft0JkkzEykMeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c9yQUaks69sorK1vbG4Vt0s7u3v7B+ZhuSODSGDSxgELRM9FkjDqk7aiipFeKAjiLiNdd3qb+d1HIiQN/AcVh8ThaOxTj2KktDQ0ywOO1ETwJEyvq7NaXHs6G5oVq27NAVeJnZMKyNEaml+DUYAjTnyFGZKyb1uhchIkFMWMpKVBJEmI8BSNSV9TH3EinWSePYWnWhlBLxD6+QrO1d8bCeJSxtzVk1lSuexl4n9eP1LelZNQP4wU8fHikBcxqAKYFQFHVBCsWKwJwoLqrBBPkEBY6bpKugR7+curpHNetxv1i/tGpXmT11EEx+AEVIENLkET3IEWaAMMZuAZvII3IzVejHfjYzFaMPKdI/AHxucPZDqUBQ==</latexit>

! = (�, ✓)

<latexit sha1_base64="8kg+hUG4P4ZaXiSuX4wwrtKsvCg=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCBAkzEtGLEPTiMYJZIDOEnk5N0qRnobtGCEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1fMTKTTa9peVW1peWV3Lrxc2Nre2d4q7e00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyhzcTv/UASos4usdRAl7I+pEIBGdopG7xwI1D6LOrspsMxCl1cQDITrrFkl2xp6B/iTMnJTJHvVv8dHsxT0OIkEumdcexE/QyplBwCeOCm2pIGB+yPnQMjVgI2sum54/psVF6NIiVqQjpVP05kbFQ61Hom86Q4UAvehPxP6+TYnDpZSJKUoSIzxYFqaQY00kWtCcUcJQjQxhXwtxK+YApxtEkVjAhOIsv/yXNs4pTrZzfVUu163kceXJIjkiZOOSC1MgtqZMG4SQjT+SFvFqP1rP1Zr3PWnPWfGaf/IL18Q3spJTT</latexit>

dL(p,!)

L(p,!)
= ��a(p)ds

<latexit sha1_base64="qLSUEVm6xBRMZlO40+WKrHM4Oqk="></latexit>

Transmittance: 
<latexit sha1_base64="cMCmOiTcZo4fF51uF0hA/E9j8Lo="></latexit>

T (s) = e�
R s
0 �a(p+s0!,!) ds0

L(p + s!,!) = e�
R s
0 �a(p+s0!) ds0L(p,!) = T (s)L(p,!)

<latexit sha1_base64="/PNflPOdopdW4g0gTGx3VNnDPCs="></latexit>
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Absorption: lower density

Credit: Walt Disney Animation Studios
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Absorption: higher density

Credit: Walt Disney Animation Studios
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Out scattering

�s

L(p,!) L+ dL

ds

�s(p)

dL(p,!) = ��s(p)L(p,!) ds

Scattering cross section at point in space: 
- Probability of being scattered per unit length 
- Units: 1/distance
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Absorption and out scattering diminish radiance

�t = �a + �s

Total cross section:

dL(p,!) = ��t(p)L(p,!) ds

⌧(s) =

Z s

0
�t(p + s0!) ds0

<latexit sha1_base64="2sSM7jq4Vjv1EEnGktSp5G8vCtU="></latexit>

T (s) = e�
R s
0 �t(p+s0!) ds0 = e�⌧(s)

<latexit sha1_base64="RrcR5xD3xljJQR5DOEamJQBRRNk="></latexit>

Where total transmittance is:

“Optical distance” (from absorption and scattering)

L(p + s!,!) = T (s)L(p,!)

<latexit sha1_base64="dWfxX7oFcpdpybcjOkUs38RwbTg=">AAACKnicbVDLSgMxFM34rONr1KWbYBFaLGVGKroRqm5cuKjQF3SGkknTNjSZGZKMUIZ+jxt/xU0XSnHrh5i2g9TWCyGHc87l3nv8iFGpbHtirK1vbG5tZ3bM3b39g0Pr6Lguw1hgUsMhC0XTR5IwGpCaooqRZiQI4j4jDX/wMNUbL0RIGgZVNYyIx1EvoF2KkdJU27ozn3IuR6oveBKN4AWU0A056aFC+ufhLazmZB66Bbho/dXbVtYu2rOCq8BJQRakVWlbY7cT4piTQGGGpGw5dqS8BAlFMSMj040liRAeoB5paRggTqSXzE4dwXPNdGA3FPoFCs7YxY4EcSmH3NfO6apyWZuS/2mtWHVvvIQGUaxIgOeDujGDKoTT3GCHCoIVG2qAsKB6V4j7SCCsdLqmDsFZPnkV1C+LTql49VzKlu/TODLgFJyBHHDANSiDR1ABNYDBK3gHH+DTeDPGxsT4mlvXjLTnBPwp4/sHaaOkPQ==</latexit>
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Ray marching to compute transmittance
Step through volume in small steps

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

r(t) = o+ t!

<latexit sha1_base64="cMwn0bqImWG/ylQ/hlEPaBXI3M8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDIjFd0IRTcuK9gHtKVk0kwbmpkMyR2hDPMVbvwVNy4UcSvu/BszfYC2Hgice8695N7jhoJrsO1vK7O0vLK6ll3PbWxube/kd/fqWkaKshqVQqqmSzQTPGA14CBYM1SM+K5gDXd4k/qNB6Y0l8E9jELW8Uk/4B6nBIzUzZ+2fQID14tVUoRjfIVntUzwCYZZ1ZY+65Okmy/YJXsMvEicKSmgKard/Fe7J2nkswCoIFq3HDuETkwUcCpYkmtHmoWEDkmftQwNiM90Jx6fleAjo/SwJ5V5AeCx+nsiJr7WI981nemaet5Lxf+8VgTeZSfmQRgBC+jkIy8SGCROM8I9rhgFMTKEUMXNrpgOiCIUTJI5E4Izf/IiqZ+VnHLp/K5cqFxP48iiA3SIishBF6iCblEV1RBFj+gZvaI368l6sd6tj0lrxprO7KM/sD5/AM+bny4=</latexit>

Given “camera ray” from point o in direction w….

And volume with density

Estimate optical thickness as:

pi = o+
i+ 0.5

N
!

<latexit sha1_base64="O5jEs+AE3Vg/Wf72PPignRPOJeQ=">AAACG3icbVDLSgMxFM34rPVVdekmWAShUGZKi26EohtXUsE+oDOUTJppQ5PJkGSEMsx/uPFX3LhQxJXgwr8xnc5CWw8ETs65l3vv8SNGlbbtb2tldW19Y7OwVdze2d3bLx0cdpSIJSZtLJiQPR8pwmhI2ppqRnqRJIj7jHT9yfXM7z4QqagI7/U0Ih5Ho5AGFCNtpEGp5nKkx5InUTqg8BJmXz9IRAor0A0kwgmt2NVGmtym0BWcjNCgVLardga4TJyclEGO1qD06Q4FjjkJNWZIqb5jR9pLkNQUM5IW3ViRCOEJGpG+oSHiRHlJdlsKT40yhIGQ5oUaZurvjgRxpabcN5Wz1dWiNxP/8/qxDi68hIZRrEmI54OCmEEt4CwoOKSSYM2mhiAsqdkV4jEygWgTZ9GE4CyevEw6tapTrzbu6uXmVR5HARyDE3AGHHAOmuAGtEAbYPAInsEreLOerBfr3fqYl65Yec8R+APr6wf1gaC7</latexit>

⌧(s) ⇡ s

N

NX

i

�t(pi)

<latexit sha1_base64="OuBeoeGOvOs0cHUBtYQ4vsM6qOk="></latexit>

r(t)



Phase function: 

Energy conservation:

Stanford CS248A, Winter 2024

In scattering
Light going in other directions also scatters into the direction ω 
In scattering increases radiance along ω 

S(p,!) = �s(p)

Z

S2

p(!0 ! !)L(p,!0) d!0

ds

<latexit sha1_base64="tk8qJLhIj57C8ueMlbn7KHM6dzY=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXVZdOOygr1AE8JkOm2HzkzCzEQoISs3voobF4q49Rnc+TZO2gja+sPAx3/OYc75w5hRpR3ny1paXlldWy9tlDe3tnd27b39tooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Dqvd+6JVDQSd3oSE5+joaADipE2VmAfeYoOOQo8jvRI8lRl1R+Ms9PArjg1Zyq4CG4BFVCoGdifXj/CCSdCY4aU6rlOrP0USU0xI1nZSxSJER6jIekZFIgT5afTMzJ4Ypw+HETSPKHh1P09kSKu1ISHpjNfUc3XcvO/Wi/Rg0s/pSJONBF49tEgYVBHMM8E9qkkWLOJAYQlNbtCPEISYW2SK5sQ3PmTF6Fdr7nntfrtWaVxVcRRAofgGFSBCy5AA9yAJmgBDB7AE3gBr9aj9Wy9We+z1iWrmDkAf2R9fAMj+pmO</latexit>

�s(p)
L(p,!) L+ dL

Z

S2

p(!0 ! !) d!0 = 1

p(!0 ! !)
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Direct illumination in a volume
Can treat like direct illumination on a surface 
e.g., sample light sources (or from phase function’s distribution)

Sd(p
0,!) = �s(p

0)

Z

S2

p(!0 ! !)Ld(p
0,!0) d!0

<latexit sha1_base64="6d3c30AxGRlsvLnz/i5LsM/vYOs="></latexit>

!0

<latexit sha1_base64="xG5kzAWxqhf6F4F5S+d/dq+70LM=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPoKexKRI9BLx4jmAckS5id9CZD5rHMzAphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fhu5refQBum5KOdJBAKMpQsZpRYJ7V7SsCQnPfLFb/qz4FXSZCTCsrR6Je/egNFUwHSUk6M6QZ+YsOMaMsoh2mplxpICB2TIXQdlUSACbP5uVN85pQBjpV2JS2eq78nMiKMmYjIdQpiR2bZm4n/ed3UxjdhxmSSWpB0sShOObYKz37HA6aBWj5xhFDN3K2Yjogm1LqESi6EYPnlVdK6rAa16tVDrVK/zeMoohN0ii5QgK5RHd2jBmoiisboGb2iNy/xXrx372PRWvDymWP0B97nD/U4j1Q=</latexit>

!

<latexit sha1_base64="amRWnBX673DWeoMIa72Gd54pRsI=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBrXq5X2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPksmPIw==</latexit>

But computing direct lighting can be expensive 
Why? 

Hint: requires more than a shadow ray
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Single scattering
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Multiple scattering (not discussed today)
Appearance of volume is not just due to a single scattering event (light directly from light source scattering in 
direction of eye) 
Light scatters many times in the volume before existing in the direction of the eye 
Advanced rendering topic: Monte Carlo estimate of multiple scattering events (“volume rendering equation”)

Single scattering Multiple scattering
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Let’s ignore lighting for a moment 

Credit: Taubmann et al. , Siemens Healthineers 

Volume rendered CT scan Volume rendered scene 
(Mildenhall et al.)

Consider representing a scene as a volume

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

Volume density and “color” at all points in space.

c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

The re#ectance o! surface 
at point p in direction ω
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Rendering volumes

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

Volume density and color at all points in space.
c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

r(t) = o+ t!

<latexit sha1_base64="cMwn0bqImWG/ylQ/hlEPaBXI3M8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDIjFd0IRTcuK9gHtKVk0kwbmpkMyR2hDPMVbvwVNy4UcSvu/BszfYC2Hgice8695N7jhoJrsO1vK7O0vLK6ll3PbWxube/kd/fqWkaKshqVQqqmSzQTPGA14CBYM1SM+K5gDXd4k/qNB6Y0l8E9jELW8Uk/4B6nBIzUzZ+2fQID14tVUoRjfIVntUzwCYZZ1ZY+65Okmy/YJXsMvEicKSmgKard/Fe7J2nkswCoIFq3HDuETkwUcCpYkmtHmoWEDkmftQwNiM90Jx6fleAjo/SwJ5V5AeCx+nsiJr7WI981nemaet5Lxf+8VgTeZSfmQRgBC+jkIy8SGCROM8I9rhgFMTKEUMXNrpgOiCIUTJI5E4Izf/IiqZ+VnHLp/K5cqFxP48iiA3SIishBF6iCblEV1RBFj+gZvaI368l6sd6tj0lrxprO7KM/sD5/AM+bny4=</latexit>

Given “camera ray” from point o in direction w….

And volume with density and directional radiance.

Step through the volume to compute radiance along the ray.

r(t)
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An interesting task
Given a collection of photographs (from known camera viewpoints) 
Compute a 3D reconstruction of the scene (surface locations + color at each point on surface)

Credit: Mildenhall 2019
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Estimating mesh geometry is tricky

Credit: Mildenhall 2019
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Re-interest in using volume rendering (circa 2018)
Let’s just drop this triangle-based representation entirely, it’s much simpler (and more versatile 
when it’s unclear what the geometry is anyway) to emit a single volumetric representation

Credit: Lombardi 2019
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Regular 3D grid representation of a volume
Dense 3D grid 
- V[i,j,k] = rgba 

Note, this representation treats surface 
as di!use, since: 

Would need σ[i,j,k] and c[i,j,k,phi,theta] 
to represent directional distribution of 
color

Credit: Voxel Ville NFT (voxelville.io) 

c(p,!) = c(p)

<latexit sha1_base64="iPFxnucawQI81Uo6+5/oph5A5qw=">AAACDnicbVDLSgMxFM3UV62vUZdugqXQgpQZqehGKLpxWcE+oFNKJs20oUlmSDJCGfoFbvwVNy4UcevanX9jpp1FbT1w4XDOvdx7jx8xqrTj/Fi5tfWNza38dmFnd2//wD48aqkwlpg0cchC2fGRIowK0tRUM9KJJEHcZ6Ttj29Tv/1IpKKheNCTiPQ4GgoaUIy0kfp2CZc9jvRI8iSankEv5GSIKvAaLuqVvl10qs4McJW4GSmCDI2+/e0NQhxzIjRmSKmu60S6lyCpKWZkWvBiRSKEx2hIuoYKxInqJbN3prBklAEMQmlKaDhTFycSxJWacN90pieqZS8V//O6sQ6uegkVUayJwPNFQcygDmGaDRxQSbBmE0MQltTcCvEISYS1SbBgQnCXX14lrfOqW6te3NeK9Zssjjw4AaegDFxwCergDjRAE2DwBF7AG3i3nq1X68P6nLfmrGzmGPyB9fULzj+bVQ==</latexit>
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Optimizing volumes

r(s)

Compute radiance along 
ray through volume

Compare to 
actual image

Idea: optimize volume values (opacity and color) 
so that C(r) matches that of photos. 

For many rays…. trace through volume… see if the result matches the 
photo… use error to update volume opacity/color values



Stanford CS248A, Winter 2024

Regular 3D grid representation of a volume

Credit: Voxel Ville NFT (voxelville.io) 

Consider storage requirements: 
10243 cells

Ignore directional dependency: rgbσ 4 bytes/cell 
~ 4GB

Now consider directional dependency of color 
on (�, ✓)

<latexit sha1_base64="FANx3/kS5T1KQQSpkjHNFSSCIO0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahgpREKnosevFYwX5AE8tmu2mWbjZhd6KU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+YngGmz72yqsrK6tbxQ3S1vbO7t75f2Dto5TRVmLxiJWXZ9oJrhkLeAgWDdRjES+YB1/dDP1O49MaR7LexgnzIvIUPKAUwJGeqi6ScjPsAshA3LaL1fsmj0DXiZOTiooR7Nf/nIHMU0jJoEKonXPsRPwMqKAU8EmJTfVLCF0RIasZ6gkEdNeNrt6gk+MMsBBrExJwDP190RGIq3HkW86IwKhXvSm4n9eL4Xgysu4TFJgks4XBanAEONpBHjAFaMgxoYQqri5FdOQKELBBFUyITiLLy+T9nnNqdcu7uqVxnUeRxEdoWNURQ66RA10i5qohShS6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz9GBZG6</latexit>

… much worse storage cost

Typical challenge: 
limited resolution
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Learning (compressed) representations
Why not just learn an approximation to the continuous function that matches observations 
from di!erent viewpoints?

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

(p,!)

<latexit sha1_base64="FHD1wH/DYnTTGuRh2LCP/DUtF8o=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWoICWRii6LblxWsA9oQplMJ+3QeYSZiRBC/RU3LhRx64e482+ctFlo64GBwzn3cs+cMKZEadf9tkpr6xubW+Xtys7u3v6BfXjUVSKRCHeQoEL2Q6gwJRx3NNEU92OJIQsp7oXT29zvPWKpiOAPOo1xwOCYk4ggqI00tKt1n0E9kSyLZ+e+YHgMz4Z2zW24czirxCtIDRRoD+0vfyRQwjDXiEKlBp4b6yCDUhNE8aziJwrHEE3hGA8M5ZBhFWTz8DPn1CgjJxLSPK6dufp7I4NMqZSFZjJPqpa9XPzPGyQ6ug4ywuNEY44Wh6KEOlo4eRPOiEiMNE0NgUgSk9VBEygh0qaviinBW/7yKuleNLxm4/K+WWvdFHWUwTE4AXXggSvQAnegDToAgRQ8g1fwZj1ZL9a79bEYLVnFThX8gfX5A2m7lKA=</latexit>

F✓(p,!)

<latexit sha1_base64="wqM3KqgCR4whFeusuMYoe79JBhM=">AAACBHicbVDLSgNBEJyNrxhfqx5zWQxCBAm7EtFjUBCPEcwDsiHMTjrJkJndZaZXCEsOXvwVLx4U8epHePNvnDwOmljQUFR1090VxIJrdN1vK7Oyura+kd3MbW3v7O7Z+wd1HSWKQY1FIlLNgGoQPIQachTQjBVQGQhoBMPrid94AKV5FN7jKIa2pP2Q9zijaKSOnb/p+DgApEVfUhwomcbjUz+S0KcnHbvgltwpnGXizUmBzFHt2F9+N2KJhBCZoFq3PDfGdkoVciZgnPMTDTFlQ9qHlqEhlaDb6fSJsXNslK7Ti5SpEJ2p+nsipVLrkQxM5+RSvehNxP+8VoK9y3bKwzhBCNlsUS8RDkbOJBGnyxUwFCNDKFPc3OqwAVWUocktZ0LwFl9eJvWzklcund+VC5WreRxZkidHpEg8ckEq5JZUSY0w8kieySt5s56sF+vd+pi1Zqz5zCH5A+vzB4dMmAc=</latexit>

c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>
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Learning neural radiance %elds (NeRF)

Key idea: di!erentiable volume renderer to compute dC/d(color)d(opacity)
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Great visual results!

Credit: Mildenhall 2023
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What just happened?
Continuous coordinate-based representation vs regular grid: DNN “learns” how to use its weights to 
produce high-resolution output where needed… given input data 

Compact representation: trades-o! space for expensive rendering 
- Good: a few MBs = e!ectively very high-resolution dense grid 
- Bad: must evaluate DNN every step during ray marching 

- And the DNN is a “big” MLP (8-layer x 256) 
- Bad: must step densely (because we don’t know where the surface is) 

Compact representation: optimization can learn to interpolate views despite complexity of volume 
density and radiance function 
- Only prior is the separation into positional       and directional rgb 
- Training time: hours to a day to learn a good NeRF

�

<latexit sha1_base64="HRIQLMFYOCGIGwB9UAGNEgDm9D0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+nfntJ6oNU/LBThIaCjyULGYEWye1eoYNBe6XK37VnwOtkiAnFcjR6Je/egNFUkGlJRwb0w38xIYZ1pYRTqelXmpogskYD2nXUYkFNWE2v3aKzpwyQLHSrqRFc/X3RIaFMRMRuU6B7cgsezPxP6+b2vg6zJhMUkslWSyKU46sQrPX0YBpSiyfOIKJZu5WREZYY2JdQCUXQrD88ippXVSDWvXyvlap3+RxFOEETuEcAriCOtxBA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPnvePKw==</latexit>

MLP must do real work to associate 
weights with 5D locations 
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Improving rendering performance
Main idea: move to a di!erent point in the compression-compute trade-o! space 

Main ideas: 
- Avoid stepping densely through empty space (costly to evaluate the DNN to %nd 

density = 0) 
- Shrink the size of the DNN 
- Avoid evaluating the DNN when you can
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Recall quad-tree / octree
Quad-tree: nodes have 4 children (partitions 2D space) 

Octree: nodes have 8 children (partitions 3D space)

Like uniform grid: easy to build (don’t have to choose 
partition planes) 

Has greater ability to adapt to location of scene geometry 
than uniform grid.
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Simple two-level sparse quad tree
Quad-tree: nodes have 4 children (partitions 2D space) 

Octree: nodes have 8 children (partitions 3D space)

0 1

2 3

0 1 2 3
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Let’s just run optimization for a bit…

Use the initial MLP to densely sample volume 
(Find the empty space that’s used to build the octree)

Note: 
This implementation uses 2-level octreee

Optimization will push some opacity values to 0 
DNN tells us where the empty space is! 

Then convert dense opacity grid to an octree representation that’s more e&cient to render from… 
With the octree structure *%xed*, we can continue to optimize color/density at leaves

Credit: Yu 2021
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What just happened?
We performed initial training… a la original NeRF 
Once we get a sense of where the empty space is, we add a traditional acceleration structure to replace 
the “big” DNN.  Can use used a little DNN at leaves.  
That structure speeds up rendering (a lot), and also speeds up “%ne tuning” training, since the initial 
“big” DNN need not be trained to convergence

Cost? Octree structure now 100’s of MBs instead of a few MBs for MLP

Credit: Yu 2021
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Another idea: spherical harmonics
Useful basis for representing directional 
information 
Analogy: cosine basis on the sphere

Represent                           compactly by 
projecting into basis of SH. 

c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

Ym
l (!) = Ym

l (✓,�)

<latexit sha1_base64="VHAc7TBcDQOxOotPHcY7mXUAD3E=">AAACJnicbVDLSgNBEJyNrxhfUY9eBoOQgIRdUfQiBL14VDA+yMYwO+kkQ2Z2l5leISz7NV78FS8eFBFvfoqTmIMmKWgoqrrp7gpiKQy67peTm5tfWFzKLxdWVtfWN4qbWzcmSjSHOo9kpO8CZkCKEOooUMJdrIGpQMJt0D8f+rePoI2IwmscxNBUrBuKjuAMrdQqnvqKYU+r9D57SFXWSmVW9iMFXVahp3SWiT1Atk/9uCcqrWLJrboj0GnijUmJjHHZKr757YgnCkLkkhnT8NwYmynTKLiErOAnBmLG+6wLDUtDpsA009GbGd2zSpt2Im0rRDpS/06kTBkzUIHtHN5tJr2hOMtrJNg5aaYijBOEkP8u6iSSYkSHmdG20MBRDixhXAt7K+U9phlHm2zBhuBNvjxNbg6q3mH16OqwVDsbx5EnO2SXlIlHjkmNXJBLUiecPJEX8kbenWfn1flwPn9bc854Zpv8g/P9A5aMpmw=</latexit>
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Finally…back to where we began
Start with a dense 3D grid of SH coe&cients, optimize those 
coe&cients at low resolution 
Now move to a sparse higher resolution representation (octree) 
Directly optimize for opacities and SH coe&cients using 
di!erentiable volume rendering 
No neural networks. Just optimizing the octree representation of 
baked SH lighting 

Takeaway: conventional computer graphics representations are 
e&cient representations to learn/optimize on

Plenoxels [CVPR 22]
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Summarizing it all: the “template”
Train a DNN to gain understanding of 3D occupancy (where the surface is) 
- Little to no geometric priors (so need position encoding tricks, etc) 

Then move to a traditional sparse encoding of occupancy (sparse volumetric structure) 
- Now the “topology” of the irregular data structure is %xed 
- Representation of surface/appearance/etc is stored at the nodes of this structure (spherical harmonics, 

neural code, etc.) 
- Most of the heavy lifting is now performed by the data structure 

Continue optimization on the %xed, sparse representation 
- Leverages di!erential volume rendering on sparse structure 
- What we’re now learning is how to represent/compress the local details

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

(p,!)

<latexit sha1_base64="FHD1wH/DYnTTGuRh2LCP/DUtF8o=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWoICWRii6LblxWsA9oQplMJ+3QeYSZiRBC/RU3LhRx64e482+ctFlo64GBwzn3cs+cMKZEadf9tkpr6xubW+Xtys7u3v6BfXjUVSKRCHeQoEL2Q6gwJRx3NNEU92OJIQsp7oXT29zvPWKpiOAPOo1xwOCYk4ggqI00tKt1n0E9kSyLZ+e+YHgMz4Z2zW24czirxCtIDRRoD+0vfyRQwjDXiEKlBp4b6yCDUhNE8aziJwrHEE3hGA8M5ZBhFWTz8DPn1CgjJxLSPK6dufp7I4NMqZSFZjJPqpa9XPzPGyQ6ug4ywuNEY44Wh6KEOlo4eRPOiEiMNE0NgUgSk9VBEygh0qaviinBW/7yKuleNLxm4/K+WWvdFHWUwTE4AXXggSvQAnegDToAgRQ8g1fwZj1ZL9a79bEYLVnFThX8gfX5A2m7lKA=</latexit>

F✓(p,!)

<latexit sha1_base64="wqM3KqgCR4whFeusuMYoe79JBhM=">AAACBHicbVDLSgNBEJyNrxhfqx5zWQxCBAm7EtFjUBCPEcwDsiHMTjrJkJndZaZXCEsOXvwVLx4U8epHePNvnDwOmljQUFR1090VxIJrdN1vK7Oyura+kd3MbW3v7O7Z+wd1HSWKQY1FIlLNgGoQPIQachTQjBVQGQhoBMPrid94AKV5FN7jKIa2pP2Q9zijaKSOnb/p+DgApEVfUhwomcbjUz+S0KcnHbvgltwpnGXizUmBzFHt2F9+N2KJhBCZoFq3PDfGdkoVciZgnPMTDTFlQ9qHlqEhlaDb6fSJsXNslK7Ti5SpEJ2p+nsipVLrkQxM5+RSvehNxP+8VoK9y3bKwzhBCNlsUS8RDkbOJBGnyxUwFCNDKFPc3OqwAVWUocktZ0LwFl9eJvWzklcund+VC5WreRxZkidHpEg8ckEq5JZUSY0w8kieySt5s56sF+vd+pi1Zqz5zCH5A+vzB4dMmAc=</latexit>

c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

p

<latexit sha1_base64="TNK+FS1iWyzsrH66WjItJLWtiCo=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae2Q8mkmTY0yQxJRihD/8KNC0Xc+jfu/Bsz01lo64HA4Zx7ybkniDnTxnW/ndLa+sbmVnm7srO7t39QPTzq6ChRhLZJxCPVC7CmnEnaNsxw2osVxSLgtBtMbzO/+0SVZpF8MLOY+gKPJQsZwcZKjwOBzUSJNJ4PqzW37uZAq8QrSA0KtIbVr8EoIomg0hCOte57bmz8FCvDCKfzyiDRNMZkise0b6nEgmo/zRPP0ZlVRiiMlH3SoFz9vZFiofVMBHYyS6iXvUz8z+snJrz2UybjxFBJFh+FCUcmQtn5aMQUJYbPLMFEMZsVkQlWmBhbUsWW4C2fvEo6F3WvUb+8b9SaN0UdZTiBUzgHD66gCXfQgjYQkPAMr/DmaOfFeXc+FqMlp9g5hj9wPn8AFumRMw==</latexit>

zp

<latexit sha1_base64="roZxDqQ7IgJ9OLw0SPznt/Pg+vs=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ad0hpJJM21oJhOSjFCH/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4YnqhVhTzgRtG2Y47UlFcRxy2g0nt7nffaRKs0Q8mKmkQYxHgkWMYGMl34+xGas4exrI2aBac+vuHGiVeAWpQYHWoPrlDxOSxlQYwrHWfc+VJsiwMoxwOqv4qaYSkwke0b6lAsdUB9k88wydWWWIokTZJwyaq783MhxrPY1DO5ln1MteLv7n9VMTXQcZEzI1VJDFoSjlyCQoLwANmaLE8KklmChmsyIyxgoTY2uq2BK85S+vks5F3WvUL+8bteZNUUcZTuAUzsGDK2jCHbSgDQQkPMMrvDmp8+K8Ox+L0ZJT7BzDHzifP7K2kiA=</latexit>

lookup(p)

<latexit sha1_base64="2G6XhtR4Vh2aLa7X8LyvcQv3K/8=">AAACAnicbVBNS8NAEN34WetX1JN4CRahXkoiFT0WvXisYD+gCWWz3bRLN9mwOxFLCF78K148KOLVX+HNf+OmzUFbHww83pthZp4fc6bAtr+NpeWV1bX10kZ5c2t7Z9fc228rkUhCW0RwIbs+VpSziLaAAafdWFIc+px2/PF17nfuqVRMRHcwiakX4mHEAkYwaKlvHrpAHyDlQoyTOKu6IYaRDNM4O+2bFbtmT2EtEqcgFVSg2Te/3IEgSUgjIBwr1XPsGLwUS2CE06zsJorGmIzxkPY0jXBIlZdOX8isE60MrEBIXRFYU/X3RIpDpSahrzvzE9W8l4v/eb0EgksvZVGcAI3IbFGQcAuEledhDZikBPhEE0wk07daZIQlJqBTK+sQnPmXF0n7rObUa+e39UrjqoijhI7QMaoiB12gBrpBTdRCBD2iZ/SK3own48V4Nz5mrUtGMXOA/sD4/AFFupf+</latexit>

Traditional data structure
�p

<latexit sha1_base64="5PXrrFqCsUyzQ90Oq1tftau/xUg=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mVih6LXjxWsB/QLiWbZtvQJBuTrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasEQ+2ImiocBDyWJGsHVSp2fYUOC+6pcrftWfA62SICcVyNHol796g4SkgkpLODamG/jKhhnWlhFOp6VeaqjCZIyHtOuoxIKaMJvfO0VnThmgONGupEVz9fdEhoUxExG5ToHtyCx7M/E/r5va+DrMmFSppZIsFsUpRzZBs+fRgGlKLJ84golm7lZERlhjYl1EJRdCsPzyKmldVINa9fK+Vqnf5HEU4QRO4RwCuII63EEDmkCAwzO8wpv36L14797HorXg5TPH8Afe5w8n6JAO</latexit>

cp(!)

<latexit sha1_base64="mBuowOC0mcNilZgs7/7mrudg6/k=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZqeiy6MZlBfuAzjBk0kwbmmSGJCPUofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKK6tr6xvlzcrW9s7unr1/0FFxKjFp45jFshciRRgVpK2pZqSXSIJ4yEg3HN/kfveBSEVjca8nCfE5GgoaUYy0kQL7yONIjyTPcJBMa17MyRCdBXbVqTszwGXiFqQKCrQC+8sbxDjlRGjMkFJ910m0nyGpKWZkWvFSRRKEx2hI+oYKxInys1n6KTw1ygBGsTRPaDhTf29kiCs14aGZzLOqRS8X//P6qY6u/IyKJNVE4PmhKGVQxzCvAg6oJFiziSEIS2qyQjxCEmFtCquYEtzFLy+TznndbdQv7hrV5nVRRxkcgxNQAy64BE1wC1qgDTB4BM/gFbxZT9aL9W59zEdLVrFzCP7A+vwBfhSVQA==</latexit>

SHp(!)

<latexit sha1_base64="XJJ7JE8U09Z9alG8DegGegCSqH0=">AAAB/HicbVDLSgNBEJyNrxhfqzl6WQxCvIRdiegx6CXHiOYB2RBmJ51kyOyDmV5xWeKvePGgiFc/xJt/4yTZgyYWNBRV3XR3eZHgCm3728itrW9sbuW3Czu7e/sH5uFRS4WxZNBkoQhlx6MKBA+giRwFdCIJ1PcEtL3JzcxvP4BUPAzuMYmg59NRwIecUdRS3yy6CI+Y3tWn/ajshj6M6FnfLNkVew5rlTgZKZEMjb755Q5CFvsQIBNUqa5jR9hLqUTOBEwLbqwgomxCR9DVNKA+qF46P35qnWplYA1DqStAa67+nkipr1Tie7rTpzhWy95M/M/rxji86qU8iGKEgC0WDWNhYWjNkrAGXAJDkWhCmeT6VouNqaQMdV4FHYKz/PIqaZ1XnGrl4rZaql1nceTJMTkhZeKQS1IjddIgTcJIQp7JK3kznowX4934WLTmjGymSP7A+PwBe9+Uqg==</latexit>



Stanford CS248A, Winter 2024

More recent innovations
Best practices since 2022 replace this two-step process with a single optimization passing 
using a data structure called a “hash grid”  
See “instant neural graphics primitives” (NGP)
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Rendering point clouds
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Anti-aliasing point clouds
Treat surface as a collection of “Gaussian blobs” (convolve points with Gaussian %lter)

3D Gaussians turn into oriented 2D gaussians 
when projected onto the 2D screen 

Can render the blobs back to front (requires 
alpha compositing)

[Zwicker 2001]



Stanford CS248A, Winter 2024

“Point splatting”

[Kerbl 2023]
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Optimization to produce Gaussians, not voxels
Compute radiance along 

ray through scene
Compare to 

actual image

Earlier in lecture: optimization 
produces color and opacity at each 
voxel 

Now: same idea, but optimization 
chooses color, position, and radius 
of the Gaussians 
- Now: also need to decide on the 

number of Gaussians (a bit 
tricker)

Key idea: di!erentiable Gaussian splatting rendering to compute dC/d(color)d(radius)d(location)

See “3D Gaussian Splatting for Real-Time Radiance Field Rendering” [Kerbl 2023]
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Summary
Volumes (voxels) and Gaussian points as two alternative representations of geometry and 
materials 

Signi%cant interest in modern times due to ease of writing di!erentiable renderers for these 
representations 

Heavy use in reconstructing scenes from (potentially sparse) set of photos 
- Surprising e!ectiveness of large-scale optimization 

Some of these solutions employ interesting combinations of neural structures (learned DNN 
weights) and “traditional” graphics primitives  
- Takeaway for graphics students in 2024: need to be a master of both!
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Summary
Thanks to Matt Pharr, Pat Hanrahan for materials in these slides


