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Lecture 12:

Monte Carlo Evaluation of 
the Re!ection Equation 



Stanford CS248A, Winter 2025

Review: irradiance at point X from uniform area source

A!
x!

x

θ
θ "

Radiance leaving light from x’ in direction ω’ is the same as radiance arriving at x from ω:

Integral reparameterization:

Reparameterization: now integrate over light 
source area, instead of solid angle

Li(x,!) = Lo(x
0,!0) = L
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E(x) =

Z

H2

Li(x,!) cos ✓ d! =

Z

A0
L
cos ✓ cos ✓0

|x� x0|2 dA0

<latexit sha1_base64="kn9Hd4TnB27GuPgzDKdmJLYuWac="></latexit>

Integrate over solid angle

Assume area light emits radiance L from all directions from all points on surface.
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Last time: the re!ection equation

n
ωo

ωi

BRDF Illumination

<latexit sha1_base64="EDcIQ11UzAyEi+TLJYQXaOH955k="></latexit>

Lo(p,!o) =

Z

⌦2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

Li(p,!i)

<latexit sha1_base64="bf9wJdwjv2BrgI2CXLaZtxjeACc=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTozCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utVSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIOR9eZ334gUtFI3OtxTHyOBoL2KUbaSIF9cBvQiseRHkqexpNT6EWcDFBATwK77FSdKeAicXNSBjkagf3l9SKccCI0ZkipruvE2k+R1BQzMil5iSIxwiM0IF1DBeJE+en0hQk8NkoP9iNpSmg4VX9PpIgrNeah6cyOVfNeJv7ndRPdv/RTKuJEE4Fni/oJgzqCWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD3iSltg=</latexit>

Lo(p,!o)

<latexit sha1_base64="SdmnnxjZ3E+djEMyx2P/AO5tBqk=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClISqeiy6MaFiwr2AU0Ik+m0HTqTCTMToYTixl9x40IRt36FO//GSZuFth64cDjnXu69J4wZVdpxvq3C0vLK6lpxvbSxubW9Y+/utZRIJCZNLJiQnRApwmhEmppqRjqxJIiHjLTD0XXmtx+IVFRE93ocE5+jQUT7FCNtpMA+uA1ExeNIDyVP48kp9AQnAxSIk8AuO1VnCrhI3JyUQY5GYH95PYETTiKNGVKq6zqx9lMkNcWMTEpeokiM8AgNSNfQCHGi/HT6wgQeG6UH+0KaijScqr8nUsSVGvPQdGbHqnkvE//zuonuX/opjeJEkwjPFvUTBrWAWR6wRyXBmo0NQVhScyvEQyQR1ia1kgnBnX95kbTOqm6ten5XK9ev8jiK4BAcgQpwwQWogxvQAE2AwSN4Bq/gzXqyXqx362PWWrDymX3wB9bnD4tMluQ=</latexit>



Stanford CS248A, Winter 2025

Q. How do we estimate the value of these integrals? 
(A. Monte Carlo integration)



Stanford CS248A, Winter 2025

Monte Carlo integration
De#nite integral 

Random variables  

Expectation of f  

MC estimator: (assuming  samples          are drawn from 
uniform random sampling of domain) * 

        is the value of a random sample drawn from 
the distribution      
        is also a random variable.

Xi ⇠ p(x)

Yi = f(Xi)

Xi ⇠ p(x)
Xi ⇠ p(x)

Yi = f(Xi)

Z b

a
f(x)dx

E[Yi] = E[f(Xi)] =

Z b

a
f(x) p(x) dx

FN =
b� a

N

NX

i=1

YiMonte Carlo estimate of 

f(x)�Xi

Z b

a
f(x)dx

What we seek to estimate

is given by

* We’ll relax this assumption shortly.
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Basic Monte Carlo estimator

E[FN ] =E

"
b� a

N

NX

i=1

Yi

#

=
b� a

N

NX

i=1

E[Yi] =
b� a

N

NX

i=1

E[f(Xi)]

=
b� a

N

NX

i=1

Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

E[FN ] =E

"
b� a

N

NX

i=1

Yi

#

=
b� a

N

NX

i=1

E[Yi] =
b� a

N

NX

i=1

E[f(Xi)]

=
b� a

N

NX

i=1

Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

Yi = f(Xi)

Xi ⇠ U(a, b)

p(x) =
1

b� a

Where:

Uniform distribution over domain [a,b]

Note: Even though my notation suggests this is integration over 1D domain [a,b], this holds for 
Uniform sampling over any integration domain, such as the 2D hemisphere of solid angles on the previous slide.
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Why this works…

Uniform density, so:

Properties of expectation:

E

"
X

i

Yi

#
=
X

i

E[Yi]

E[aY ] =aE[Y ]

Xi ⇠ U(a, b)

p(x) =
1

b� a

E[FN ] =E

"
b� a

N

NX

i=1

Yi

#

=
b� a

N

NX

i=1

E[Yi] =
b� a

N

NX

i=1

E[f(Xi)]

=
b� a

N

NX

i=1

Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

Unbiased estimator: 
Expected value of 
estimator is the integral 
we wish to evaluate.

E[FN ] =E

"
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#

=
b� a
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NX

i=1

E[Yi] =
b� a

N
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i=1

E[f(Xi)]

=
b� a

N

NX

i=1

Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

E[FN ] =E

"
b� a

N
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i=1

Yi

#

=
b� a

N
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i=1

E[Yi] =
b� a

N

NX

i=1

E[f(Xi)]

=
b� a

N

NX

i=1

Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

E[FN ] =E

"
b� a

N
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#

=
b� a

N
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i=1

E[Yi] =
b� a

N
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i=1

E[f(Xi)]

=
b� a
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Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

E[FN ] =E

"
b� a
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i=1

Yi

#

=
b� a

N

NX

i=1

E[Yi] =
b� a

N

NX

i=1

E[f(Xi)]

=
b� a

N

NX

i=1

Z b

a
f(x) p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

Note: Even though my notation suggests this is integration over 1D domain [a,b], 
this proof holds for any integration domain, such as the 2D hemisphere of directions on the previous slide.
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Direct lighting example: light from an area light source

Light source

Occluder 
(blocks light)

Ground receives 
shadow
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Monte Carlo integration applied to illumination (hemisphere sampling)

Monte Carlo estimator:

Yi = f(Xi)

FN =
2⇡

N

NX

i=1

Yi

We want to estimate this integral 
(total incident irradiance at surface point x)

We sample directions (aka rays) uniformly from 
the hemisphere of directions 
(a ray direction is a random variable)

For each ray we compute the incident 
di$erential irradiance.

We average all these samples, and scale 
by the size of the domain we are 
sampling from. 
(The hemisphere has 2∏ steradians)

Then the expected value of the 
result is the value of the integral.

Xi ⇠ p(!) =
1

2⇡

<latexit sha1_base64="mqN7xuH+7L5wTI7YOy7Reanfszk=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6KTOlohuh6MZlBfuAzlAyaaYNzWNIMkIZ5gPc+CtuXCji1g9w59+YtrPQ1gOBwznncnNPGDOqjet+Oyura+sbm4Wt4vbO7t5+6eCwrWWiMGlhyaTqhkgTRgVpGWoY6caKIB4y0gnHN1O/80CUplLcm0lMAo6GgkYUI2Olfqnc7VPoa8phXPElJ0N0Bq+gHymEUy9La35MM5tyq+4McJl4OSmDHM1+6csfSJxwIgxmSOue58YmSJEyFDOSFf1EkxjhMRqSnqUCcaKDdHZMBk+tMoCRVPYJA2fq74kUca0nPLRJjsxIL3pT8T+vl5joMkipiBNDBJ4vihIGjYTTZuCAKoINm1iCsKL2rxCPkC3C2P6KtgRv8eRl0q5VvXr1/K5eblzndRTAMTgBFeCBC9AAt6AJWgCDR/AMXsGb8+S8OO/Oxzy64uQzR+APnM8fzduaOQ==</latexit>

✓

d!

dA

E(x) =

Z

H2

Li(x,!) cos ✓ d!

<latexit sha1_base64="DijS1oD2DgruGiYpOXIDFEI3iE4="></latexit>

Li(x,!)
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x
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Yi = Li(x,!i) cos ✓i
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Direct lighting estimate

Given surface point x: 

For each of N samples: 

Generate random direction:           (from uniform distribution over hemisphere) * 

Compute incoming radiance arriving          at p from direction:   

Compute incident irradiance due to ray:  

Accumulate                      into estimator

Uniformly-sample hemisphere of directions with respect to solid angle

2⇡

N
dEi

dEi = Licos ✓i

Li

!i

!i

A ray tracer evaluates radiance along a ray 
(see Raytracer::trace_ray() in raytracer.cpp)

* We will relax the uniform probability restriction soon…

E(x) =

Z

H2

L(x,!) cos ✓ d!

<latexit sha1_base64="slaiQhN/W1RghGcj0yfrMkpc1Kg="></latexit>



Stanford CS248A, Winter 2025

Direct lighting: hemisphere sampling

16 light samples 
(Uniformly sampled from hemisphere)

Incident lighting estimator uses random directions 
when computing incident lighting for di$erent points. 
Some of those directions hit the light (and contribute 
illumination, some do not) 

(The estimator is a random variable!)
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Back to the Monte Carlo 
integration story…



Stanford CS248A, Winter 2025

Now let’s reparameterize the integral as integration over the light

x!

x

θ
θ "

Monte Carlo estimator:

Yi = f(Xi)

We want to estimate this integral 
(total incident irradiance at surface point x)

We sample points on the light source uniformly 
with respect to area (a point on the light is a 
random variable)

We compute the incident di$erential 
irradiance from the sampled point on 
the light to surface point x.

We average all these samples, and 
scale by the size of the domain we are 
sampling from. (The light has area A’)

Then the expected value of the 
result is the value of the integral.

E(x) =

Z

H2

Li(x,!) cos ✓ d! =

Z

A0
L
cos ✓ cos ✓0

|x� x0|2 dA0

<latexit sha1_base64="kn9Hd4TnB27GuPgzDKdmJLYuWac="></latexit>
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Xi ⇠ p(x0) =
1

A0
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Yi = L
cos ✓ cos ✓0
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FN =
A0

N

NX

i=1

Yi
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* Assume area light emits radiance L from all directions from all points on surface.
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Direct lighting estimate (area sampling light with area A’)
Given surface point x 

For each sample i of N samples: 

Generate random point x’ on area light, compute direction from x to x’: 

 Compute incident irradiance due to ray from x’ to x as  

Accumulate                      into estimator

!i

A0

N
dEi
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dEi = L
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Direct lighting: area sampling

16 light samples (16 shadow rays)

Wait… how do we compute the shadows in this photo?



Stanford CS248A, Winter 2025

Shadowed light area sampling

x!

x

θ
θ "

Monte Carlo estimator:

Yi = f(Xi)

A!

Xi ⇠ p(x0) =
1

A0

<latexit sha1_base64="uegu9v2noP5LSRV78l58IF1Jh2A=">AAACBnicbVDLSsNAFJ34rPUVdSnCYJHWTUmkohuh6sZlBfuAJoTJdNIOnUzCzEQsISs3/oobF4q49Rvc+TdO2yy09cCFwzn3cu89fsyoVJb1bSwsLi2vrBbWiusbm1vb5s5uS0aJwKSJIxaJjo8kYZSTpqKKkU4sCAp9Rtr+8Hrst++JkDTid2oUEzdEfU4DipHSkmcedDwKHUlDGFceysfwAjqBQDi1s/SynHlmyapaE8B5YuekBHI0PPPL6UU4CQlXmCEpu7YVKzdFQlHMSFZ0EklihIeoT7qachQS6aaTNzJ4pJUeDCKhiys4UX9PpCiUchT6ujNEaiBnvbH4n9dNVHDuppTHiSIcTxcFCYMqguNMYI8KghUbaYKwoPpWiAdIx6B0ckUdgj378jxpnVTtWvX0tlaqX+VxFMA+OAQVYIMzUAc3oAGaAINH8AxewZvxZLwY78bHtHXByGf2wB8Ynz90HJc4</latexit>

FN =
A0

N

NX

i=1

Yi

<latexit sha1_base64="qpvwY4dzMJALUzlwUyHxF66hfA4=">AAACDHicbVDLSsNAFJ3UV62vqks3g0V0VRKp6KZQFcRVqWAf0sQwmU7aoTNJmJkIJeQD3Pgrblwo4tYPcOffOG2z0NYDA4dzzuXOPV7EqFSm+W3kFhaXllfyq4W19Y3NreL2TkuGscCkiUMWio6HJGE0IE1FFSOdSBDEPUba3vBy7LcfiJA0DG7VKCIOR/2A+hQjpSW3WLpy67AKbV8gnJwfpkk9hbaMuZvQqpXe1+GdS3XKLJsTwHliZaQEMjTc4pfdC3HMSaAwQ1J2LTNSToKEopiRtGDHkkQID1GfdDUNECfSSSbHpPBAKz3oh0K/QMGJ+nsiQVzKEfd0kiM1kLPeWPzP68bKP3MSGkSxIgGeLvJjBlUIx83AHhUEKzbSBGFB9V8hHiDdi9L9FXQJ1uzJ86R1XLYq5ZObSql2kdWRB3tgHxwBC5yCGrgGDdAEGDyCZ/AK3own48V4Nz6m0ZyRzeyCPzA+fwCFo5oL</latexit>

Yi = V (x, x0)L
cos ✓ cos ✓0

|x� x0|2

<latexit sha1_base64="d8fyaeJoUvYQGsCYqVSblSAK9Jg="></latexit>

E(x) =

Z

A0
V (x, x0)L

cos ✓ cos ✓0

|x� x0|2 dA0

<latexit sha1_base64="CV5OQH2VJqFIVvQ7z86k58n0pGM="></latexit>

0 blocked
( , )

1 visible
V x x

!
" = #

$

Note new: visibility term:

Scene occluder

* Assume area light emits radiance L from all directions from all points on surface.
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Direct lighting estimate (area sampling light with area A’)
Given surface point x 

For each of N samples: 

Generate random point x’ on area light, compute direction from x to x’: 

 Compute incident irradiance due to ray from x’ to x as  

Accumulate                      into estimator

!i

How do you evaluate V()?

dEi = Lo(x
0,�wi)V (x, x0)

cos ✓i cos ✓o
|x� x0|2

<latexit sha1_base64="HqVhNor1kCOlxZdKL1i0AKJHf0A="></latexit>

A0

N
dEi

<latexit sha1_base64="3jxGnbrmK1iFtVRRuru0Yec25nk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0WVVBFdSwT6gDWEymbRDJw9mJoUS8iduXCji1j9x5984bbPQ1gMXDufcy733eAlnUlnWt1FaWV1b3yhvVra2d3b3zP2DtoxTQWiLxDwWXQ9LyllEW4opTruJoDj0OO14o9up3xlTIVkcPalJQp0QDyIWMIKVllzT7AcCk+z6NM8ecv/OZa5ZtWrWDGiZ2AWpQoGma371/ZikIY0U4VjKnm0lysmwUIxwmlf6qaQJJiM8oD1NIxxS6WSzy3N0ohUfBbHQFSk0U39PZDiUchJ6ujPEaigXvan4n9dLVXDlZCxKUkUjMl8UpBypGE1jQD4TlCg+0QQTwfStiAyxjkLpsCo6BHvx5WXSPq/Z9drFY73auCniKMMRHMMZ2HAJDbiHJrSAwBie4RXejMx4Md6Nj3lryShmDuEPjM8fMh2TYg==</latexit>
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How to compute if point is visible from another point?

x

x2

x1

How to evaluate                           using ray tracing: V (x, x0)

<latexit sha1_base64="MzxK8GiWIXk8vFwkqQkzyjYgPiY=">AAAB7nicbVBNSwMxEJ31s9avqkcvwSJWkLIrFT0WvXisYD+gXUo2zbahSXZJstKy9Ed48aCIV3+PN/+NabsHbX0w8Hhvhpl5QcyZNq777aysrq1vbOa28ts7u3v7hYPDho4SRWidRDxSrQBrypmkdcMMp61YUSwCTpvB8G7qN5+o0iySj2YcU1/gvmQhI9hYqdkojS5GZ+fdQtEtuzOgZeJlpAgZat3CV6cXkURQaQjHWrc9NzZ+ipVhhNNJvpNoGmMyxH3atlRiQbWfzs6doFOr9FAYKVvSoJn6eyLFQuuxCGynwGagF72p+J/XTkx446dMxomhkswXhQlHJkLT31GPKUoMH1uCiWL2VkQGWGFibEJ5G4K3+PIyaVyWvUr56qFSrN5mceTgGE6gBB5cQxXuoQZ1IDCEZ3iFNyd2Xpx352PeuuJkM0fwB87nD/2DjrI=</latexit>

1. Trace ray from x toward x’ 
2. See if there is any hit with scene geometry closer to x than  |x� x0|

<latexit sha1_base64="I4fyABv+SzFAtyhWT3T63L3K198=">AAAB7XicbVDLTgJBEOzFF+IL9ehlIjF6kewajB6JXjxiIo8ENmR2mIWR2ZnNzKyBLPyDFw8a49X/8ebfODwOClbSSaWqO91dQcyZNq777WRWVtfWN7Kbua3tnd29/P5BTctEEVolkkvVCLCmnAlaNcxw2ogVxVHAaT3o3078+hNVmknxYIYx9SPcFSxkBBsr1UaD88HpqJ0vuEV3CrRMvDkpwByVdv6r1ZEkiagwhGOtm54bGz/FyjDC6TjXSjSNMenjLm1aKnBEtZ9Orx2jE6t0UCiVLWHQVP09keJI62EU2M4Im55e9Cbif14zMeG1nzIRJ4YKMlsUJhwZiSavow5TlBg+tAQTxeytiPSwwsTYgHI2BG/x5WVSuyh6peLlfalQvpnHkYUjOIYz8OAKynAHFagCgUd4hld4c6Tz4rw7H7PWjDOfOYQ/cD5/AFSPjvo=</latexit>
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Shadowed direct lighting estimate (area sampling light with area A’)

Given surface point x 

For each sample i of N samples: 

Generate random point x’ on area light, compute direction from x to x’: 

Compute incident irradiance due to ray from x’ to x as  

Trace shadow ray from x in direction        . 

If shadow ray does not hit geometry before x’, accumulate                      into estimator

!i

A0

N
dEi

<latexit sha1_base64="3jxGnbrmK1iFtVRRuru0Yec25nk=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovoqiRS0WVVBFdSwT6gDWEymbRDJw9mJoUS8iduXCji1j9x5984bbPQ1gMXDufcy733eAlnUlnWt1FaWV1b3yhvVra2d3b3zP2DtoxTQWiLxDwWXQ9LyllEW4opTruJoDj0OO14o9up3xlTIVkcPalJQp0QDyIWMIKVllzT7AcCk+z6NM8ecv/OZa5ZtWrWDGiZ2AWpQoGma371/ZikIY0U4VjKnm0lysmwUIxwmlf6qaQJJiM8oD1NIxxS6WSzy3N0ohUfBbHQFSk0U39PZDiUchJ6ujPEaigXvan4n9dLVXDlZCxKUkUjMl8UpBypGE1jQD4TlCg+0QQTwfStiAyxjkLpsCo6BHvx5WXSPq/Z9drFY73auCniKMMRHMMZ2HAJDbiHJrSAwBie4RXejMx4Md6Nj3lryShmDuEPjM8fMh2TYg==</latexit>

dEi = L
cos ✓ cos ✓0

|x� x0|2

<latexit sha1_base64="KA0axEBPWhsLkBP6EsA2IvS59hk=">AAACG3icbZC7SgNBFIZn4y3GW9TSZjBIbAy7IaKNEBTBwiKCuUA2htnJbDJk9sLMWUnY5D1sfBUbC0WsBAvfxsmliIk/DHz85xzOnN8JBVdgmj9GYml5ZXUtuZ7a2Nza3knv7lVUEEnKyjQQgaw5RDHBfVYGDoLVQsmI5whWdbpXo3r1kUnFA/8e+iFreKTtc5dTAtpqpvOt6ybHF/gW264kNLZpoLANHQYEz3B2GA96J73s4CE/bKYzZs4cCy+CNYUMmqrUTH/ZrYBGHvOBCqJU3TJDaMREAqeCDVN2pFhIaJe0WV2jTzymGvH4tiE+0k4Lu4HUzwc8dmcnYuIp1fcc3ekR6Kj52sj8r1aPwD1vxNwPI2A+nSxyI4EhwKOgcItLRkH0NRAquf4rph2iMwIdZ0qHYM2fvAiVfM4q5E7vCpni5TSOJDpAh+gYWegMFdENKqEyougJvaA39G48G6/Gh/E5aU0Y05l99EfG9y9LzKBi</latexit>

!i
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Random sampling introduces noise
Incident lighting estimator uses di$erent 
random directions when computing incident 
lighting for di$erent points. Some of those 
directions are occluded, some are not! 

(The estimator is a random variable!)



Stanford CS248A, Winter 2025

Random sampling introduces noise

1 shadow ray per eye ray

Always sample light center Random area sampling



Stanford CS248A, Winter 2025

Quality improves with more samples (more shadow rays)

Uniform area sampling, 16 shadow raysUniform area sampling, 1 shadow ray
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Why is area sampling better than hemisphere sampling?

Uniform hemisphere sampling 
16 shadow rays

Uniform area sampling 
16 shadow rays
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Variance
De#nition 

Variance decreases linearly with number of samples

V [Y ] = E[(Y � E[Y ])2]

= E[Y 2]� E[Y ]2

V

"
1

N

NX

i=1

Yi

#
=

1

N2

NX

i=1

V [Yi] =
1

N2
N V [Y ] =

1

N
V [Y ]

V [aY ] = a2 V [Y ]

Properties of variance:

V

"
NX

i=1

Yi

#
=

NX

i=1

V [Yi]

Variance is expected squared deviation from mean
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1 4 16 64 256 1024

Samples vs. error
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“Biasing” sample selection 
We previously used a uniform probability distribution to generate samples in our estimator 

Example 1: uniform over directions, Example 2: uniform over light surface area 

Idea: change the distribution–bias the selection of samples 

However, for estimator to remain unbiased, must change the estimator to: 

Note: “biasing” selection of random samples is di$erent than creating a biased estimator 
- Biased estimator: expected value of estimator does not equal integral it is designed to 

estimate (not good!)

Xi ⇠ p(x)

Yi =
f(Xi)

p(Xi)
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General unbiased Monte Carlo estimator

Xi ⇠ p(x)

FN =
b� a

N

NX

i=1

f(Xi)
Xi ⇠ U(a, b)

p(x) =
1

b� a

Consider the special case where        is drawn from uniform distribution:Xi ⇠ U(a, b)

p(x) =
1

b� a

E[FN ] =E

"
1

N

NX

i=1

f(Xi)

p(Xi)

#
=

Z b

a
f(x) dx

<latexit sha1_base64="ofUwd8RDTy79EcrqWi09aNKeBIA="></latexit>



Stanford CS248A, Winter 2025

Biased sample selection, but unbiased estimator…

Properties of expectation:

E

"
X

i

Yi

#
=
X

i

E[Yi]

E[aY ] =aE[Y ] Note: Even though my notation suggests this is integration over 1D domain [a,b], 
this proof holds for any integration domain, such as the 2D hemisphere of directions on the previous slide.

E[FN ] =E

"
1

N

NX

i=1

Yi

#

=
1

N

NX

i=1

E[Yi] =
1

N

NX

i=1

E


f(Xi)

p(Xi)

�

=
1

N

NX

i=1

Z b

a

f(x)

p(x)
p(x)dx

=
1

N

NX

i=1

Z b

a
f(x) dx

=

Z b

a
f(x) dx

<latexit sha1_base64="T8cnTcxFeWjaC5/Lv/1zdWweigg="></latexit>

E[Yi] =

Z b

a

f(x)

p(x)
p(x)dx

=

Z b

a
f(x)dx

<latexit sha1_base64="xtGmBVh44Y8CTAZlfPT68f8n7OA="></latexit>

The sequence above boils down to…
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Importance sampling

( )( )
( )
f x

f x
p x

=!
!

Draw samples according to magnitude of f(x)

Zero variance!
2 2[ ] [ ] [ ]V f E f E f= −

Recall de#nition of variance

What’s the gotcha??

Idea: bias selection of samples towards parts of domain where function we are integrating is 
large (“the most useful samples”)

Normalization to make a pdf

Generalized MC estimator

p̃(x) = cf(x)

<latexit sha1_base64="okwXJyrsFqVEtLw+LO0wQyfPLWY=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZqehGKLpxWcE+oB1KJpNpQzOZIbkj1qH4K25cKOLW/3Dn35g+Ftp64HIP59xLbo6fCK7Bcb6t3NLyyupafr2wsbm1vWPv7jV0nCrK6jQWsWr5RDPBJasDB8FaiWIk8gVr+oPrsd+8Z0rzWN7BMGFeRHqSh5wSMFLXPugAFwHLklHp4QRfYhqa3rWLTtmZAC8Sd0aKaIZa1/7qBDFNIyaBCqJ123US8DKigFPBRoVOqllC6ID0WNtQSSKmvWxy/QgfGyXAYaxMScAT9fdGRiKth5FvJiMCfT3vjcX/vHYK4YWXcZmkwCSdPhSmAkOMx1HggCtGQQwNIVRxcyumfaIIBRNYwYTgzn95kTROy26lfHZbKVavZnHk0SE6QiXkonNURTeohuqIokf0jF7Rm/VkvVjv1sd0NGfNdvbRH1ifP9B3lCk=</latexit>

c =
1R

f(x)dx

<latexit sha1_base64="ON+uvPBC6Rjp0D5xc+vs2iN/2GU=">AAACAnicbVDLSsNAFL3xWesr6krcDBahbkoiFd0IRTcuK9gHNKFMJpN26OTBzERaQnHjr7hxoYhbv8Kdf+O0zUJbD1w4nHMv997jJZxJZVnfxtLyyuraemGjuLm1vbNr7u03ZZwKQhsk5rFoe1hSziLaUExx2k4ExaHHacsb3Ez81gMVksXRvRol1A1xL2IBI1hpqWseEnSFnEBgktnjzGGRQkF5eOoPx12zZFWsKdAisXNSghz1rvnl+DFJQxopwrGUHdtKlJthoRjhdFx0UkkTTAa4RzuaRjik0s2mL4zRiVZ8FMRCl75hqv6eyHAo5Sj0dGeIVV/OexPxP6+TquDSzViUpIpGZLYoSDlSMZrkgXwmKFF8pAkmgulbEeljnYfSqRV1CPb8y4ukeVaxq5Xzu2qpdp3HUYAjOIYy2HABNbiFOjSAwCM8wyu8GU/Gi/FufMxal4x85gD+wPj8Adyvlng=</latexit>

V [f̃ ] = E[f̃2]� E2[f̃ ] = 0

<latexit sha1_base64="Vy5fdZft12hXIZpiiL5emfPBqSo=">AAACG3icbVDNS8MwHE3n15xfVY9egkPw4mjLRC/CUAYeJ7gP2LqRpukWlqYlSYVR9n948V/x4kERT4IH/xuzraDbfBB4ee/9SH7PixmVyrK+jdzK6tr6Rn6zsLW9s7tn7h80ZJQITOo4YpFoeUgSRjmpK6oYacWCoNBjpOkNbyZ+84EISSN+r0YxcUPU5zSgGCkt9Uyn0e4oynySBmMXXsHq77XruPAMVrvOfMLqmUWrZE0Bl4mdkSLIUOuZnx0/wklIuMIMSdm2rVi5KRKKYkbGhU4iSYzwEPVJW1OOQiLddLrbGJ5oxYdBJPThCk7VvxMpCqUchZ5OhkgN5KI3Ef/z2okKLt2U8jhRhOPZQ0HCoIrgpCjoU0GwYiNNEBZU/xXiARIIK11nQZdgL668TBpOyS6Xzu/Kxcp1VkceHIFjcApscAEq4BbUQB1g8AiewSt4M56MF+Pd+JhFc0Y2cwjmYHz9AHg5n8o=</latexit>

E2[f̃ ] =

Z 
f(x)

cf(x)

�
p̃(x) dx

�2

=

Z 
f(x)

cf(x)

�
c p(x) dx

�2

=

Z
f(x)dx

�2

<latexit sha1_base64="u4gbp/4MUUQAzIXnWuEl1lhMiRY="></latexit>

E[f̃2] =

Z 
f(x)

p(x)

�2
p(x) dx

=

Z 
f(x)

cf(x)

�2
cf(x) dx

=

Z
f(x)

c
dx

=
1

c

Z
f(x) dx

=
1

c2

=

Z
f(x)dx

�2

<latexit sha1_base64="WiFA/LMUsvvTC/G+HAS9O9tWD0w="></latexit>
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E$ect of sampling distribution “Fit”
f(x)

p1(x)

p2(x)

What is the behavior of f(x)/p1(x)?  f(x)/p2(x)? 
How does this impact the variance of the estimator?
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Environment map light sources

Texture(u,v) de#nes incoming radiance from a direction: 
L(!) = L(�, ✓)

<latexit sha1_base64="yJIsCEsDnjERq5wnLQ8lZLt7IH8=">AAACBHicbZC7SgNBFIZn4y3G26plmsEgJCBhVyLaCEEbC4sI5gJJCLOTk2TI7IWZs0JYUtj4KjYWitj6EHa+jZNLoYk/DHz85xzOnN+LpNDoON9WamV1bX0jvZnZ2t7Z3bP3D2o6jBWHKg9lqBoe0yBFAFUUKKERKWC+J6HuDa8n9foDKC3C4B5HEbR91g9ET3CGxurY2dt8K/Shzwr0khqOBuKEtnAAyAodO+cUnanoMrhzyJG5Kh37q9UNeexDgFwyrZuuE2E7YQoFlzDOtGINEeND1oemwYD5oNvJ9IgxPTZOl/ZCZV6AdOr+nkiYr/XI90ynz3CgF2sT879aM8beRTsRQRQjBHy2qBdLiiGdJEK7QgFHOTLAuBLmr5QPmGIcTW4ZE4K7ePIy1E6Lbql4dlfKla/mcaRJlhyRPHHJOSmTG1IhVcLJI3kmr+TNerJerHfrY9aasuYzh+SPrM8frs2WOA==</latexit>

� 2 [0, 2⇡]
<latexit sha1_base64="akKes79Z6BzjcXBt32J4q3kHz1s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFfRY8OKxgv2AJJTNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDjkoySWibJDyRvRArypmgbc00p71UUhyHnHbD8c3M7z5QqVgi7vUkpUGMh4JFjGBtpL5d9dMRQz4TyHPOG37Kgr5dc+rOHGiVuAWpQYFW3/7yBwnJYio04Vgpz3VSHeRYakY4nVb8TNEUkzEeUs9QgWOqgnx++hSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+53mZjq6DnIk001SQxaIo40gnaJYDGjBJieYTQzCRzNyKyAhLTLRJq2JCcJdfXiWdRt29qDfuLmvNVhFHGY7hBM7AhStowi20oA0EHuEZXuHNerJerHfrY9FasoqZI/gD6/MHkbCS8g==</latexit>

✓ 2 [0,⇡]
<latexit sha1_base64="cLw7E+ya7f6Aq1yTfkgx65GDD+c=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwICWpgh4LXjxWsB/QhLLZTtulm03YnYil9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5USqFQc/7dtbWNza3tgs7xd29/YND96jUNEmmOTR4IhPdjpgBKRQ0UKCEdqqBxZGEVjS6nfmtR9BGJOoBxymEMRso0RecoZW6binAISCjgVC0410EqQi7btmreHPQVeLnpExy1LvuV9BLeBaDQi6ZMR3fSzGcMI2CS5gWg8xAyviIDaBjqWIxmHAyv31Kz6zSo/1E21JI5+rviQmLjRnHke2MGQ7NsjcT//M6GfZvwolQaYag+GJRP5MUEzoLgvaEBo5ybAnjWthbKR8yzTjauIo2BH/55VXSrFb8y0r1/qpcq+dxFMgJOSXnxCfXpEbuSJ00CCdP5Jm8kjdn6rw4787HonXNyWeOyR84nz+3EZOf</latexit>
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Capturing an environment map

[ILM 2009]
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Environment Map Light Sources

HDRI Haven: Quattro Canti

Consider this environment map
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Environment Map Light Sources

HDRI Haven: Quattro Canti

~70
~0.1

~15

Real world lighting: large di$erences in incoming radiance
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Importance sampling environment map lights

Luminance map
HDRI Haven: Quattro Canti

Idea: sampling incident lighting directions proportional to luminance 
(prioritize directions that contribute the most)
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Sky environment map with a bright sun

� 2 [0, 2⇡]
<latexit sha1_base64="akKes79Z6BzjcXBt32J4q3kHz1s=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCBylJFfRY8OKxgv2AJJTNdtMu3WzC7kYpsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6u0tr6xuVXeruzs7u0f2NXDjkoySWibJDyRvRArypmgbc00p71UUhyHnHbD8c3M7z5QqVgi7vUkpUGMh4JFjGBtpL5d9dMRQz4TyHPOG37Kgr5dc+rOHGiVuAWpQYFW3/7yBwnJYio04Vgpz3VSHeRYakY4nVb8TNEUkzEeUs9QgWOqgnx++hSdGmWAokSaEhrN1d8TOY6VmsSh6YyxHqllbyb+53mZjq6DnIk001SQxaIo40gnaJYDGjBJieYTQzCRzNyKyAhLTLRJq2JCcJdfXiWdRt29qDfuLmvNVhFHGY7hBM7AhStowi20oA0EHuEZXuHNerJerHfrY9FasoqZI/gD6/MHkbCS8g==</latexit>

✓ 2 [0,⇡]
<latexit sha1_base64="cLw7E+ya7f6Aq1yTfkgx65GDD+c=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwICWpgh4LXjxWsB/QhLLZTtulm03YnYil9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5USqFQc/7dtbWNza3tgs7xd29/YND96jUNEmmOTR4IhPdjpgBKRQ0UKCEdqqBxZGEVjS6nfmtR9BGJOoBxymEMRso0RecoZW6binAISCjgVC0410EqQi7btmreHPQVeLnpExy1LvuV9BLeBaDQi6ZMR3fSzGcMI2CS5gWg8xAyviIDaBjqWIxmHAyv31Kz6zSo/1E21JI5+rviQmLjRnHke2MGQ7NsjcT//M6GfZvwolQaYag+GJRP5MUEzoLgvaEBo5ybAnjWthbKR8yzTjauIo2BH/55VXSrFb8y0r1/qpcq+dxFMgJOSXnxCfXpEbuSJ00CCdP5Jm8kjdn6rw4787HonXNyWeOyR84nz+3EZOf</latexit>

Most of the incoming light comes from this direction.
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Uniform vs. importance sampling the environment light

Importance 
sampling

1 4 16 64 256 1024

Uniform 
sampling
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Comparing di$erent techniques
Variance in an estimator manifests as noise in rendered images 

Estimator e%ciency measure: 

If one integration technique has twice the variance as another, then it takes twice as 
many samples to achieve the same variance 

If one technique has twice the cost of another technique with the same variance, then it 
takes twice as much time to achieve the same variance

E�ciency / 1

Variance⇥ Cost
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Putting it all together: re!ectance due to direct lighting
Estimating re!ectance o$ surface point x in direction          due to incident illumination from 
multiple area light sources 

Given surface point x 

For each area light l: 

For each sample i of N samples: 

Generate random point x’ on light l according to             for light, compute direction from x to x’: 

Evaluate BRDF 

Compute incident irradiance due to ray from x’ to x: as  

Trace shadow ray from x in direction        . 

If shadow ray does not hit geometry before x’, accumulate                                              into estimator

!i

dEi = L
cos ✓ cos ✓0

|x� x0|2

<latexit sha1_base64="KA0axEBPWhsLkBP6EsA2IvS59hk=">AAACG3icbZC7SgNBFIZn4y3GW9TSZjBIbAy7IaKNEBTBwiKCuUA2htnJbDJk9sLMWUnY5D1sfBUbC0WsBAvfxsmliIk/DHz85xzOnN8JBVdgmj9GYml5ZXUtuZ7a2Nza3knv7lVUEEnKyjQQgaw5RDHBfVYGDoLVQsmI5whWdbpXo3r1kUnFA/8e+iFreKTtc5dTAtpqpvOt6ybHF/gW264kNLZpoLANHQYEz3B2GA96J73s4CE/bKYzZs4cCy+CNYUMmqrUTH/ZrYBGHvOBCqJU3TJDaMREAqeCDVN2pFhIaJe0WV2jTzymGvH4tiE+0k4Lu4HUzwc8dmcnYuIp1fcc3ekR6Kj52sj8r1aPwD1vxNwPI2A+nSxyI4EhwKOgcItLRkH0NRAquf4rph2iMwIdZ0qHYM2fvAiVfM4q5E7vCpni5TSOJDpAh+gYWegMFdENKqEyougJvaA39G48G6/Gh/E5aU0Y05l99EfG9y9LzKBi</latexit>

!i

Cost???

!o

<latexit sha1_base64="sHC833t8UExc6eDMwJ1/2KRQBTc=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5id9CZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3V6SsCQ9FW/XPGr/hx4lQQ5qaAcjX75qzdQNBUgLeXEmG7gJzbMiLaMcpiWeqmBhNAxGULXUUkEmDCb3zvFZ04Z4FhpV9Liufp7IiPCmImIXKcgdmSWvZn4n9dNbXwdZkwmqQVJF4vilGOr8Ox5PGAaqOUTRwjVzN2K6YhoQq2LqORCCJZfXiWti2pQq17e1yr1mzyOIjpBp+gcBegK1dEdaqAmooijZ/SK3rxH78V79z4WrQUvnzlGf+B9/gAaJpAF</latexit>

f(x,!i,!o)

<latexit sha1_base64="ZUSBwIPE4Mne9vjGq2h71pCtqm4=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkYoui25cVrAX6Awlk2ba0GQyJBmxDF278VXcuFDErU/gzrcx0w6i1R8CH/85h5zzBzGjSjvOp1VYWFxaXimultbWNza37O2dlhKJxKSJBROyEyBFGI1IU1PNSCeWBPGAkXYwuszq7VsiFRXRjR7HxOdoENGQYqSN1bP3w4rHkR5Knt5NjqEnOBmgHv0mcdSzy07VmQr+BTeHMsjV6NkfXl/ghJNIY4aU6rpOrP0USU0xI5OSlygSIzxCA9I1GCFOlJ9OT5nAQ+P0YSikeZGGU/fnRIq4UmMemM5sbTVfy8z/at1Eh+d+SqM40STCs4/ChEEtYJYL7FNJsGZjAwhLanaFeIgkwtqkVzIhuPMn/4XWSdWtVU+va+X6RR5HEeyBA1ABLjgDdXAFGqAJMLgHj+AZvFgP1pP1ar3NWgtWPrMLfsl6/wJI4ZoB</latexit>

p(x)

<latexit sha1_base64="itwuJyMfveoDjexxxIBGJKHo8U4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfj2N4w==</latexit>

1

N


f(x,!i,!o) dEi

p(x0)

�

<latexit sha1_base64="D/BNJ7/bwE3Tdver1jVYQp9Ca7I="></latexit>

n
ωo

ωi

dEi

<latexit sha1_base64="orQhGxM3Rs6VLm35Zk2QAVafVRk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiCB4r2A9oQ9lsNu3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRR8epIrRNYh6rXoA15UzStmGG016iKBYBp91gcpv73SeqNIvlo5km1Bd4JFnECDa5FN4N2bBac+vuHGiVeAWpQYHWsPo1CGOSCioN4Vjrvucmxs+wMoxwOqsMUk0TTCZ4RPuWSiyo9rP5rTN0ZpUQRbGyJQ2aq78nMiy0norAdgpsxnrZy8X/vH5qoms/YzJJDZVksShKOTIxyh9HIVOUGD61BBPF7K2IjLHCxNh4KjYEb/nlVdK5qHuN+uVDo9a8KeIowwmcwjl4cAVNuIcWtIHAGJ7hFd4c4bw4787HorXkFDPH8AfO5w/TGo4b</latexit>

Radiance from light l

Lo(x,!) =
X

l

Z

A0
l

f(x,!i,!o)L(l)(x, x
0)V (x, x0)

cos ✓ cos ✓0

|x� x0|2 dA0

<latexit sha1_base64="jHReR8gyz6ctf2qMwgG+oRNAqGA="></latexit>

Sum over lights
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7M light sources

Pixar, Coco
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Tens of thousands of lights…

[Bitterli et al. 2020]
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Multiple light sources
Now we need a Monte Carlo estimate for a #nite sum of terms               (not an integral) 

De#ne a discrete probability over terms) 

Draw       samples 

Estimator:

NX

i=1

fi

X

i

pi = 1

pi

<latexit sha1_base64="5Y4nvWzUDC8JuspXKiPAn4UcgPQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY8FLz1WsB/YLiWbZtvYJBuSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasETe24miocBDyWJGsHXSwyPqGSaQ6rN+ueJX/TnQKglyUoEcjX75qzdISCqotIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jkosqAmz+cVTdOaUAYoT7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwoxJlVoqyWJRnHJkEzR7Hw2YpsTyiSOYaOZuRWSENSbWhVRyIQTLL6+S1kU1uKoGd5eVWj2PowgncArnEMA11KAODWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH6LGQcQ==</latexit>

j ⇠ pi
<latexit sha1_base64="Pp9m+KjKXj5yUplrjdqHKrmq+DQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix46UlasB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777aytb2xubRd2irt7+weHpaPjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxn2/VHYr7hxklXg5KUOOer/01RvELI1QGiao1l3PTYyfUWU4Ezgt9lKNCWVjOsSupZJGqP1sfuiUnFtlQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+hmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlO0IXjLL6+S1mXFu654jatytZbHUYBTOIML8OAGqlCDOjSBAcIzvMKb8+i8OO/Ox6J1zclnTuAPnM8fqleM3g==</latexit>

N

<latexit sha1_base64="82x0SdS/8SMT5Ik0G7XS7eRdoew=">AAACCXicbVDLSsNAFL2pr1pfUZduBovgqiQi6rLgpiupYB/QhjCZTtqxM0mYmQglZOvGX3HjQhG3/oE7/8Zpm4W2HriXwzn3MnNPkHCmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqziVhLZIzGPZDbCinEW0pZnmtJtIikXAaScYX0/9zgOVisXRnZ4k1BN4GLGQEayN5NuoH0pMMjfPbnLUV6kohNC/z7PENN+uOjVnBrRM3IJUoUDTt7/6g5ikgkaacKxUz3US7WVYakY4zSv9VNEEkzEe0p6hERZUednskhydGGWAwliaijSaqb83MiyUmojATAqsR2rRm4r/eb1Uh1dexqIk1TQi84fClCMdo2ksaMAkJZpPDMFEMvNXREbYJKFNeBUTgrt48jJpn9Xci5p7e16tN4o4ynAEx3AKLlxCHRrQhBYQeIRneIU368l6sd6tj/loySp2DuEPrM8fGCuanw==</latexit>

1

N

X fj
pj



Consider drawing a single sample: 
- Draw one sample 
- Compute 
- Estimator: 

Expected value: 

What’s a good discrete distribution       for choosing lights? (uniform?)

Stanford CS248A, Winter 2025

Multiple light sources
<latexit sha1_base64="5Y4nvWzUDC8JuspXKiPAn4UcgPQ=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY8FLz1WsB/YLiWbZtvYJBuSrFCW/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJJqQpsk4YnuRNhQziRtWmY57ShNsYg4bUfj25nffqLasETe24miocBDyWJGsHXSwyPqGSaQ6rN+ueJX/TnQKglyUoEcjX75qzdISCqotIRjY7qBr2yYYW0Z4XRa6qWGKkzGeEi7jkosqAmz+cVTdOaUAYoT7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY1vwoxJlVoqyWJRnHJkEzR7Hw2YpsTyiSOYaOZuRWSENSbWhVRyIQTLL6+S1kU1uKoGd5eVWj2PowgncArnEMA11KAODWgCAQnP8ApvnvFevHfvY9Fa8PKZY/gD7/MH6LGQcQ==</latexit>

j ⇠ pi
<latexit sha1_base64="vqzMscGEAenLECoAqhKYwlxPEp8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPBS48V7Qe0oWy2m3btZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il+7D/2C9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwxs/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbQuqt5V1bu7rNTqeRxFOIFTOAcPrqEGdWhAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gBKbo3T</latexit>

fj
<latexit sha1_base64="C32CfKM69DYBvbkQoTkcCnbPKNk=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU90VUY8FLz1WsB/SLks2zbZpk+ySZIWy9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8epIrRJYh6rTog15UzSpmGG006iKBYhp+1wfDfz209UaRbLBzNJqC/wQLKIEWys9BgFI3SBkmAUlCtu1Z0DrRIvJxXI0QjKX71+TFJBpSEca9313MT4GVaGEU6npV6qaYLJGA9o11KJBdV+Nj94is6s0kdRrGxJg+bq74kMC60nIrSdApuhXvZm4n9eNzXRrZ8xmaSGSrJYFKUcmRjNvkd9pigxfGIJJorZWxEZYoWJsRmVbAje8surpHVZ9a6r3v1VpVbP4yjCCZzCOXhwAzWoQwOaQEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AbTej7c=</latexit>

fj/pj

<latexit sha1_base64="jbbiHllLmoui5b4WVsQXpy2hjWk="></latexit>

E


fj
pj

�
=

X

i

pi
fi
pi

=
X

i

fi

Choose a light Incoming radiance from light j

fj =

Z
f(x,!i,!o)Li(j)(!i) cos ✓i d!i

<latexit sha1_base64="MqWPa9WbeDnBDuRSmbSB+uLiHv8="></latexit>

pi

<latexit sha1_base64="kwB3kXs77j3TyPzSP40KYPBX5yY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPR5v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBW+I3Y</latexit>



Stanford CS248A, Winter 2025

Putting it all together: re!ectance due to direct lighting
Estimating re!ectance o$ surface point x in direction          due to incident illumination from 
multiple area light sources 

Given surface point x… 

For all K chosen lights: 

        Select area light l with probability  

For each sample i of N samples: 

Generate random point x’ on light l according to              for light, compute direction from x to x’: 

Evaluate BRDF 

Compute incident irradiance due to ray from x’ to x: as  

Trace shadow ray from x in direction         . 

If shadow ray does not hit geometry before x’, accumulate                                                         into estimator

!i

dEi = L
cos ✓ cos ✓0

|x� x0|2

<latexit sha1_base64="KA0axEBPWhsLkBP6EsA2IvS59hk=">AAACG3icbZC7SgNBFIZn4y3GW9TSZjBIbAy7IaKNEBTBwiKCuUA2htnJbDJk9sLMWUnY5D1sfBUbC0WsBAvfxsmliIk/DHz85xzOnN8JBVdgmj9GYml5ZXUtuZ7a2Nza3knv7lVUEEnKyjQQgaw5RDHBfVYGDoLVQsmI5whWdbpXo3r1kUnFA/8e+iFreKTtc5dTAtpqpvOt6ybHF/gW264kNLZpoLANHQYEz3B2GA96J73s4CE/bKYzZs4cCy+CNYUMmqrUTH/ZrYBGHvOBCqJU3TJDaMREAqeCDVN2pFhIaJe0WV2jTzymGvH4tiE+0k4Lu4HUzwc8dmcnYuIp1fcc3ekR6Kj52sj8r1aPwD1vxNwPI2A+nSxyI4EhwKOgcItLRkH0NRAquf4rph2iMwIdZ0qHYM2fvAiVfM4q5E7vCpni5TSOJDpAh+gYWegMFdENKqEyougJvaA39G48G6/Gh/E5aU0Y05l99EfG9y9LzKBi</latexit>

!i

!o

<latexit sha1_base64="sHC833t8UExc6eDMwJ1/2KRQBTc=">AAAB73icbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5id9CZD5rHOzAphyU948aCIV3/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ3V6SsCQ9FW/XPGr/hx4lQQ5qaAcjX75qzdQNBUgLeXEmG7gJzbMiLaMcpiWeqmBhNAxGULXUUkEmDCb3zvFZ04Z4FhpV9Liufp7IiPCmImIXKcgdmSWvZn4n9dNbXwdZkwmqQVJF4vilGOr8Ox5PGAaqOUTRwjVzN2K6YhoQq2LqORCCJZfXiWti2pQq17e1yr1mzyOIjpBp+gcBegK1dEdaqAmooijZ/SK3rxH78V79z4WrQUvnzlGf+B9/gAaJpAF</latexit>

f(x,!i,!o)

<latexit sha1_base64="ZUSBwIPE4Mne9vjGq2h71pCtqm4=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gRKkiZkYoui25cVrAX6Awlk2ba0GQyJBmxDF278VXcuFDErU/gzrcx0w6i1R8CH/85h5zzBzGjSjvOp1VYWFxaXimultbWNza37O2dlhKJxKSJBROyEyBFGI1IU1PNSCeWBPGAkXYwuszq7VsiFRXRjR7HxOdoENGQYqSN1bP3w4rHkR5Knt5NjqEnOBmgHv0mcdSzy07VmQr+BTeHMsjV6NkfXl/ghJNIY4aU6rpOrP0USU0xI5OSlygSIzxCA9I1GCFOlJ9OT5nAQ+P0YSikeZGGU/fnRIq4UmMemM5sbTVfy8z/at1Eh+d+SqM40STCs4/ChEEtYJYL7FNJsGZjAwhLanaFeIgkwtqkVzIhuPMn/4XWSdWtVU+va+X6RR5HEeyBA1ABLjgDdXAFGqAJMLgHj+AZvFgP1pP1ar3NWgtWPrMLfsl6/wJI4ZoB</latexit>

p(x)

<latexit sha1_base64="itwuJyMfveoDjexxxIBGJKHo8U4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfj2N4w==</latexit>

n
ωo

ωi

pl

<latexit sha1_base64="YtJ+NS+V0OW1ODrQcHur68/4kcA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPRFv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVL+9rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBbhI3b</latexit>
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Radiance from light l
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Zero day scene (beeple@)
Very large number of lights
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Uniform sampling (16 spp)
Choosing 16 lights (K=16, uniform probability across lights), tracing one ray to random point on each light (N=1)
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Importance sampling: sampling lights proportional to light power (16 spp)
Choosing 16 lights (K=16, light probability proportional to its power), tracing one ray to random point on each light (N=1)
(12.4x lower mean squared error than uniform sampling)
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Summary: Monte Carlo integration
Monte Carlo estimator 
- Estimate integral by evaluating function at random sample points in domain 

The function (the estimator) is computed by a ray tracer! 

Useful in rendering due to estimate high dimension integrals 
- Faster convergence in estimating high dimensional integrals than non-randomized methods 
- But it’s still slow… 
- Su$ers from noise due to variance in estimate (need many samples to produce good quality images) 

▪ Importance sampling 
- Reduce variance by biasing choice of samples to regions of domain where value of function is large 
- Intuition: pick samples that will “contribute most” to estimate 
- Intelligent sampling matters A LOT!
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But wait…. We know how to numerically estimate the 
re!ection equation, but that depends on 

Lo(p,!o) =

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

!j ⇠ p(!)

Estimate:

Sample:
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Monte Carlo estimate via sampling solid angle according to the PDF:!j ⇠ p(!)

Re!ection equation in terms of integration over solid angles:
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We talked about how get this radiance 
from a light source in the scene, or 
from an environment map
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But consider incoming light at any point in this scene

Image credit: Henrik Wann Jensen

Perfect mirror Glass

The only light source
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To compute realistically lit images, 
we have to account for many bounds of light in a scene. 

(Next time…)
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