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Review (one more time): the re!ection equation
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BRDF Illumination
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Last time: Monte Carlo estimate for the re!ection equation

Lo(p,!o) =

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

!j ⇠ p(!)

Estimate:

Sample:
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Monte Carlo estimate via sampling solid angle according to the PDF:!j ⇠ p(!)

Re!ection equation in terms of integration over solid angles:
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Last time: Monte Carlo estimate for the re!ection equation

Estimate:

Sample:

Monte Carlo estimate via sampling points on lights:

Re!ection equation in terms of integration over one light source area:
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Assume area light source emitting radiance L in all directions.

pj ⇠ p(p)
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Review: Why does this picture look like this?

For video see: http://pharr.org/matt/assets/bistro-spp.mp4
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Major themes from last time
Monte Carlo: draw samples from integration domain according to p(x) 

Evaluate estimator at all samples 

In estimation, average of estimators is the integral we wish to compute   

Importance sampling: biasing sampling towards parts of the domain where integrand is 
large reduces variance in the Monte Carlo estimate 

- Consider: 

- E.g., shape             to be proportional to:
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If priors on the lighting are known: eg., environment light sampling, 
bias samples toward powerful lights in many-light setting

If BRDF is highly peaked, like a very glossy surface
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If no priors of lighting/BRDF known, or if lighting environment 
and/or BDRF are largely constant 
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Review: example of lighting environment with peaked distribution

� 2 [0, 2⇡]
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Most of the incoming light comes from this direction.
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Importance sampling reduces variance in re!ection estimate

Importance 
sampling

1 4 16 64 256 1024

Uniform 
sampling
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What about an image like this? 
Direct illumination + re!ection + transparency

Perfect mirror: Glass

Image credit: Henrik Wann Jensen
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Basic recursive ray tracing for a perfect mirror
Spectrum TraceRay(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d; 
   
  if (bsdf->isMirror()) { // handle case of perfect mirror surface 
  Vector3d wi = computeMirrorReflDir(isect.N, wo); 
  if (ray.depth == MAX_DEPTH) 
   return Spectrum(0.0); 

  else 
    return TraceRay(Ray(isect.P, wi, ray.depth+1)); 

} else {                 // non-mirror case, compute reflectance due to unshadowed 
                         // area source of radiance L 
  Spectrum Lo; 
  for (int j=0 to NUM_LIGHT_SAMPLES) { 

// sample point on light source to get: p_j, pdf(p_j) 

// compute MC estimator...  

Lo += estimator / NUM_LIGHT_SAMPLES; 
  } 
} 

}
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Re!ectance due to 
direct lighting

Specular mirror re!ectance
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Computing mirror re!ection and transmission directions
Re!ected ray:

~n
!i !o

✓i ✓o

�i �o

�o = (�i + ⇡)mod 2⇡✓ = ✓o = ✓i

Top-down view 
(looking down on surface)

!o = �!i + 2(!i · ~n)~n

Refracted ray: (transmission)

~n!i

�i
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✓o
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⌘i sin ✓i = ⌘o sin ✓o

<latexit sha1_base64="/GSvkKd+wzjgzinsEgDXR/+hezk=">AAACOXicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EYounFZwT6gCWEynbRDJ5MwcyOU0N9y41+4E9y4UMStP+Ck7cI+DgwczjmXufcEieAabPvNKqytb2xuFbdLO7t7+wflw6OWjlNFWZPGIladgGgmuGRN4CBYJ1GMRIFg7WB4l/vtJ6Y0j+UjjBLmRaQvecgpASP55YbLgPhuRGCgooyPsau5xC4MFuQbPBeMVweN7JcrdtWeAC8TZ0YqaIaGX351ezFNIyaBCqJ117ET8DKigFPBxiU31SwhdEj6rGuoJBHTXja5fIzPjNLDYazMk4An6v+JjERaj6LAJPMV9aKXi6u8bgrhtZdxmaTAJJ1+FKYCQ4zzGnGPK0ZBjAwhVHGzK6YDoggFU3bJlOAsnrxMWhdVp1a9fKhV6rezOoroBJ2ic+SgK1RH96iBmoiiZ/SOPtGX9WJ9WN/WzzRasGYzx2gO1u8fH9Wu7A==</latexit>

�o = (�i + ⇡)mod 2⇡
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Basic recursive ray tracing

Virtual 
Sensor

Pinhole 
Camera

Opaque

Mirror

Glass

Opaque

Opaque

Opaque
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Whitted’s recursive ray tracer

Spheres and Checkerboard 
T. Whitted, 1979 

“An improved Illumination model for shaded display” 
T. Whitted, CACM 1980 

Time: 
 - VAX 11/780 (1979) 74m 
 - PC (2006) 6s 
 - GPU (2012) 1/30s

1. Always send ray 
to the light source (unless glass or mirror) 

2. Recursively generate re!ected rays (mirror) and 
transmitted rays (glass) 
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Mirror, depth 1
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Mirror, depth 2
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Mirror, depth 3
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Mirror, depth 10
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Glass, depth 1



Stanford CS248A, Winter 2025

Glass, depth 2
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Glass, depth 3
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Glass, depth 10
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Direct illumination + re!ection + transparency

Image credit: Henrik Wann Jensen

Perfect mirror: Glass
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With indirect illumination

Image credit: Henrik Wann Jensen
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p

Direct illumination only
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p

With indirect illumination
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Importance of indirect illumination

Image credit: Brennan Shacklett
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Importance of indirect illumination

Image credit: Brennan Shacklett
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Importance of indirect illumination
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Scene breakdown: by bounce
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0 bounces (visible light sources)
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1 bounce (direct illumination)
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2 bounces
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3 bounces
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4 bounces
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8 bounces



Stanford CS248A, Winter 2025

Energy balance: surface balance equation

Lo(p,!o) =Le(p,!o) + Lr(p,!o)

=Le(p,!o) +

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

[outgoing] = [emitted] + [incoming] - [absorbed] 

[re!ected] = [incoming] - [absorbed] 

[outgoing] = [emitted] + [re!ected]

The problem: need to know incident radiance!
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Incident radiance function
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The rendering equation

Rewrite incident radiance in terms of exitant radiance at 1st visible surface:

Lo(p,!o) = Le(p,!o) +

Z

H2

fr(p,!i ! !o)Lo(tr(p,!i),�!i) cos ✓i d!i

Light scattering Light transport

p

p0 = tr(p,!)

Radiance invariance along rays:

Li(p,!i) = Lo(tr(p,!i),�!i)

“Radiance arriving at      from direction 
is the same as radiance leaving        from direction                .” 

Li(p,!i) = Lo(tr(p,!i),�!i)
Li(p,!i) = Lo(tr(p,!i),�!i)p0 = tr(p,!)

Li(p,!i) = Lo(tr(p,!i),�!i)p0 = tr(p,!)
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The rendering equation

L(p,!o) =Le(p,!o)+Z

H2

fr(p,!i ! !o)L(tr(p,!i),�!i) cos ✓i d!i

<latexit sha1_base64="m4tTFfi5sRLcgnR3DDlIt7RCiCM="></latexit>
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The rendering equation: area form
Can rewrite rendering equation as an integral over surface area of objects in the scene 

- Apply change of variables 
- Introduce binary visibility function:

d! =
cos ✓

r2
dA

V (p $ p0)

!i �!i

= Le(p,!o) +

Z

A
fr(p, (p

0 � p) ! !o)Lo(p
0, (p� p0))G(p $ p0) dp0

p

p0

✓

✓0!o G(p $ p0) = V (p $ p0)
cos ✓ cos ✓0

|p� p0|2

Lo(p,!o) =Le(p,!o)+Z

A
fr(p, (p

0 � p) ! !o)Lo(p
0, (p� p0)) cos ✓ V (p $ p0)

cos ✓0

|p� p0|2 dp
0

<latexit sha1_base64="0fPYXlFwu1aGiDCYsodJGxMZ9AI="></latexit>
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The rendering equation as a sum over paths

Le

p

p1

p2

p3

p4

Lo(p1 ! p) =Le(p1 ! p)

+

Z

A
Le(p2 ! p1)f(p2 ! p1 ! p)G(p1 $ p2)dA(p2)

+

Z

A

Z

A
Le(p3 ! p2)f(p3 ! p2 ! p1)G(p2 $ p3)f(p2 ! p1 ! p)G(p1 $ p2)dA(p3)dA(p2)

+ · · ·

Lo(p1 ! p) =
1X

n=1

P (p̄n)

Path of length 1

Paths of length 2

Paths of length 3

Energy reaching p from all paths of length n

Path of length n (n+1 vertices)
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The rendering equation as a sum over paths

Le

p

p1

p2

p3

p4

P (p̄n) =

Z

A

Z

A

Z

A
· · ·
Z

A
Le(pn ! pn�1)

⇥
 

n�1Y

i=1

f(pi+1 ! pi ! pi�1)G(pi+1 $ pi)

!
dA(p2) · · · dA(pn)

=

Z

A

Z

A

Z

A
· · ·
Z

A
Le(pn ! pn�1)T (p̄n)dA(p2) · · · dA(pn)

<latexit sha1_base64="pvwU0nGU08W96k62u18udJHUQmE="></latexit>

Path “throughput” = fraction of light from light source 
at point pn reaching p

T (p̄n)Le
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How do we sample paths?

Lo(p,!o) = Le(p,!o) +
fr(!o,!i) cos ✓i

p(!i)
Lo(p

0,�!i)

= Le +
fr cos ✓i
p(!i)


Le(p

0,�!i) +
fr(�!i,!0

i) cos ✓
0
i

p(!0
i)

Lo(p
00,!00

i )

�

= · · ·
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p0
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p00
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!0
i
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!00
i

Idea: generate random path incrementally starting at camera

Recursive expansion of estimator:
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Basic recursive path tracing

Spectrum PathLo(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d, wi; 
  Float pdf; 
  Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 

  return isect.Le(wo) +  
    fr * PathLo(Ray(isect.P, wi)) * Dot(wi, isect.N) / pdf; 
}

Note how over the entire path the indirect illumination is modulated 
by product of probabilities of individual path segments.
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Kajiya, 1986
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One sample per pixel
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32 samples per pixel
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1024 samples per pixel
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The postcard-sized path tracer
#include <stdlib.h> // card > pixar.ppm
#include <stdio.h>
#include <math.h>
#define R return
#define O operator
typedef float F;typedef int I;struct V{F x,y,z;V(F v=0){x=y=z=v;}V(F a,F b,F
c=0){x=a;y=b;z=c;}V O+(V r){R V(x+r.x,y+r.y,z+r.z);}V O*(V r){R V(x*r.x,y*r.
y,z*r.z);}F O%(V r){R x*r.x+y*r.y+z*r.z;}V O!(){R*this*(1/sqrtf(*this%*this)
);}};F L(F l,F r){R l<r?l:r;}F U(){R(F)rand()/RAND_MAX;}F B(V p,V l,V h){l=p
+l*-1;h=h+p*-1;R-L(L(L(l.x,h.x),L(l.y,h.y)),L(l.z,h.z));}F S(V p,I&m){F d=1\
e9;V f=p;f.z=0;char l[]="5O5_5W9W5_9_COC_AOEOA_E_IOQ_I_QOUOY_Y_]OWW[WaOa_aW\
eWa_e_cWiO";for(I i=0;i<60;i+=4){V b=V(l[i]-79,l[i+1]-79)*.5,e=V(l[i+2]-79,l
[i+3]-79)*.5+b*-1,o=f+(b+e*L(-L((b+f*-1)%e/(e%e),0),1))*-1;d=L(d,o%o);}d=sq\
rtf(d);V a[]={V(-11,6),V(11,6)};for(I i=2;i--;){V o=f+a[i]*-1;d=L(d,o.x>0?f\
absf(sqrtf(o%o)-2):(o.y+=o.y>0?-2:2,sqrtf(o%o)));}d=powf(powf(d,8)+powf(p.z,
8),.125)-.5;m=1;F r=L(-L(B(p,V(-30,-.5,-30),V(30,18,30)),B(p,V(-25,17,-25),V
(25,20,25))),B(V(fmodf(fabsf(p.x),8),p.y,p.z),V(1.5,18.5,-25),V(6.5,20,25)))
;if(r<d)d=r,m=2;F s=19.9-p.y;if(s<d)d=s,m=3;R d;}I M(V o,V d,V&h,V&n){I m,s=
0;F t=0,c;for(;t<100;t+=c)if((c=S(h=o+d*t,m))<.01||++s>99)R n=!V(S(h+V(.01,0
),s)-c,S(h+V(0,.01),s)-c,S(h+V(0,0,.01),s)-c),m;R 0;}V T(V o,V d){V h,n,r,t=
1,l(!V(.6,.6,1));for(I b=3;b--;){I m=M(o,d,h,n);if(!m)break;if(m==1){d=d+n*(
n%d*-2);o=h+d*.1;t=t*.2;}if(m==2){F i=n%l,p=6.283185*U(),c=U(),s=sqrtf(1-c),
g=n.z<0?-1:1,u=-1/(g+n.z),v=n.x*n.y*u;d=V(v,g+n.y*n.y*u,-n.y)*(cosf(p)*s)+V(
1+g*n.x*n.x*u,g*v,-g*n.x)*(sinf(p)*s)+n*sqrtf(c);o=h+d*.1;t=t*.2;if(i>0&&M(h
+n*.1,l,h,n)==3)r=r+t*V(500,400,100)*i;}if(m==3){r=r+t*V(50,80,100);break;}}
R r;}I main(){I w=960,h=540,s=16;V e(-22,5,25),g=!(V(-3,4,0)+e*-1),l=!V(g.z,
0,-g.x)*(1./w),u(g.y*l.z-g.z*l.y,g.z*l.x-g.x*l.z,g.x*l.y-g.y*l.x);printf("P\
6 %d %d 255 ",w,h);for(I y=h;y--;)for(I x=w;x--;){V c;for(I p=s;p--;)c=c+T(e
,!(g+l*(x-w/2+U())+u*(y-h/2+U())));c=c*(1./s)+14./241;V o=c+1;c=V(c.x/o.x,c.
y/o.y,c.z/o.z)*255;printf("%c%c%c",(I)c.x,(I)c.y,(I)c.z);}}// Andrew Kensler

[Decyphering the postcard sized path tracer, Fabien Sanglard]

[Andrew Kensler]
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Partitioning the rendering equation

Incident direct illumination: 
- Sample lights+BRDFs 
Incident indirect illumination: 
- Recursive evaluation of rendering eqn.

Lo(p,!o) =Le(p,!o)+Z

H2

fr(!i ! !o)Li,d(p,!i) cos ✓i d!i+
Z

H2

fr(!i ! !o)Li,i(p,!i) cos ✓i d!i

Li,d(p,!i)

Li,i(p,!i)

Li(p,!i) = Li,d(p,!i) + Li,i(p,!i)
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Path tracing

p1

p2

Le
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Path tracing: sampling indirect illumination

Sample incoming direction from some distribution (e.g. proportional to BRDF): 
Recursively call path tracing function to compute incident indirect radiance 
Estimator:

Z

H2

fr(!i ! !o)Li,i(p,!i) cos ✓i d!i

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

!i ⇠ p(!)

fr(!i ! !o)Li,i(p,!i) cos ✓i
p(!i)
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Path tracing: recursive

Spectrum PathLo(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d; 

  Spectrum Ld = ReflFromDirectLighting(bsdf, wo); 

  Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
  return (depth == 0 ? isect.Le(wo) : 0.) + Ld +  
    fr * PathLo(Ray(isect.P, wi)) * Dot(wi, isect.N) / pdf; 
}

Lo(p,!o) =Le(p,!o)+Z

H2

fr(!i ! !o)Li,d(p,!i) cos ✓i d!i+
Z

H2

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i d!i

Re!ectance due to incident 
direct lighting
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Path contribution

Le
p1

p2

p4

p3

!o,2 !i,2

�(p̄) =
Y

j

fr(pj ,!o,j ,!i,j) cos ✓i,j
p(!i,j)

Li =
X

�(p̄)Le
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Path tracing: iterative version
Spectrum PathLo(Ray ray) { 
  Spectrum Lo = 0, beta = 1; 
  int depth = 0; 
  while (true) { 
    Intersection isect = scene->Intersect(ray); 
    Vector3f wo = -ray.d; 
    if (depth == 0) Lo += isect.Le(wo); 
    BSDF brdf = isect.GetBSDF(); 

    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
    beta *= fr * Dot(wi, isect.N) / pdf; 
    depth++; 
    ray = Ray(isect.P, wi);  
  } 
  return Lo; 
}

What’s the problem with this implementation?
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Russian Roulette
De"ne path termination probability 

Randomly terminate path based on      ; 
-    for surviving paths, scale contribution by 

Russian roulette gives expectation:

q
<latexit sha1_base64="wkYhw2NCz7f0LEjKyYas2tTwehA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVyXqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AN65jP8=</latexit>

q
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(1� q)E


X

1� q

�
+ qE[0] = E[X]
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1

1� q
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Russian Roulette
Spectrum PathLo(Ray ray) { 

  Spectrum Lo = 0, beta = 1; 

  int depth = 0; 

  while (true) { 

    Intersection isect = scene->Intersect(ray); 

    Vector3f wo = -ray.d; 

    if (depth == 0) Lo += isect.Le(wo); 

    BSDF bsdf = isect.GetBSDF(); 

    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 

    beta *= fr * Dot(wi, isect.N) / pdf; 

    float q = 0.25; 

    if (UniformFloat() < q) break; 

    else beta /= (1-q); 

    depth++; 

    ray = Ray(isect.P, wi); 

  } 

  return Lo; 

}

P(choosing ωi |not_terminating) P(not terminating)

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

Recall the estimator:
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Improving Russian Roulette
Recurring principle: It’s best to avoid spending computation on samples that make a small contribution 

How do you know a sample will make a small contribution before you evaluate it? 

Recall: 

               is a reasonable proxy for expected contribution

Li = �(p̄)Le

�(p̄)
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Russian Roulette: better
Spectrum PathLo(Ray ray) { 
  Spectrum Lo = 0, beta = 1; 
  int depth=0; 
  while (true) { 
    Intersection isect = scene->Intersect(ray); 
    Vector3f wo = -ray.d; 
    if (depth == 0) Lo += isect.Le(wo); 

    BSDF bsdf = isect.GetBSDF(); 
    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
    beta *= fr * Dot(wi, isect.N) / pdf; 

    Float q = 1 - beta.MaxComponentValue(); 
    if (UniformFloat() < q) break; 
    beta /= 1 - q; 
    depth++; 

    ray = Ray(isect.P, wi); 

  } 
  return Lo; 
}

High path throughput yields low 
termination probability
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No Russian Roulette: 3.9 seconds 
MSE 0.00379, MC E$ciency 67.4

E�ciency / 1

Variance⇥ Cost
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Terminate 90%: 2.5 seconds 
MSE 0.0124, MC E$ciency 32.90

E�ciency / 1

Variance⇥ Cost
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Terminate proportional to path contribution: 2.9 seconds 
MSE 0.00413, MC E$ciency 84.76

E�ciency / 1

Variance⇥ Cost
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Advanced topic: path guiding
Recall the MC estimator: 

Regular path tracing: sample 
(or something similar to it) 

But: really want to sample 

Idea: learn the distribution of light in the scene to guide sampling

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

wi ⇠ fr(!i ! !o)
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/ fr Lo cos ✓
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Advanced topic: 
path guiding

Baseline PPG Neural

[Müller et al. 2018]

Use results from prior paths to 
in!uence choice of future paths.
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Recent work: caching/reusing good paths 

High sample count path 
traced “ground truth”

Path traced: 1 path/pixel (8 ms/frame) Path traced: 1 path/pixel using ReSTIR GI (8.9 ms/frame)

Key idea: cache good paths, reuse good 
paths found from from prior frames or 
for prior pixels in same frame 

[Ouyang et al. 2021]
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Path tracing summary
Path tracing: sample paths through scene (from the domain of all possible paths) 
- Unbiased estimator of solution to the full rendering equation (provided paths are correctly weighted by 

their probabilities… (incorrect PDFs are a common source of bugs) 

Simple, elegant, brute force! ;-) 

E$ciency comes from intelligent biasing of paths toward the most “important” paths. 
- But that’s a topic for a more advanced rendering course! 

Next time: modern techniques (and hacks!) for real-time performance


