Lecture 13:

Global lllumination
using Path Tracing

Computer Graphics: Rendering, Geometry, and Image Manipulation
Stanford (5248A, Winter 2025



Comments on project proposals
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Review (one more time): the reflection equation

v Lo(p,w,) An L;(p,w;)

e | /-
. 4

L (p7 WO) — fr (p7 Wi —7 wo) Li(p7 Cdi) COs 91 dw;
02 | I |
BRDF lllumination
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Last time: Monte Carlo estimate for the reflection equation

N Lo * )
Reflection equation in terms of integration over solid angles: / @) /
Lo(pywo) = [ fr(Pywi = wo) Li(p,wi) cos 6 dw;

H2

Monte Carlo estimate via sampling solid angle according to the PDF: p(w)

Sample: w;i ~ p(w)

N
| 1 (P, wj = wo) Li(p,w;) cos b,
Estimate: N g_

p(w;)



Last time: Monte Carlo estimate for the reflection equatlon

Assume area light source emitting radiance L in all directions.

Reflection equation in terms of integration over one light source area / <\/ > /

cos 6 cos 6’

Lo(pawo) — fr(p7 (p/ _ p) — Wo) L 719 dA
A’ p—p'|

Monte Carlo estimate via sampling points on lights:

Sample:
pj ~ p(p)

Estimate: 1 Z fr(py (p" — p) = wo) L cos O cos

] | p(p;)|p —p'|?
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Review: Why does this plcture look like this?
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Major themes from last time

m Monte Carlo: draw samples from integration domain according to p(x)

m Evaluate estimator at all samples
m In estimation, average of estimators is the integral we wish to compute

m Importance sampling: biasing sampling towards parts of the domain where integrand is
large reduces variance in the Monte Carlo estimate

- Consider: fr(p, wi — wo) Li(p, wi) cos b; dw;
QQ

- E.g.’ Shape p(w) to be proportional to: cos 91 If no priors of lighting/BRDF known, or if lighting environment

and/or BDRF are largely constant

T, ( (- ) If priors on the lighting are known: eg., environment light sampling,
i\P, Wi bias samples toward powerful lights in many-light setting

f r (p, Wi —7 Wo ) If BRDF is highly peaked, like a very glossy surface
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Review: example of lighting environment with peaked distribution

Most of the incoming light comes from this direction.
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Importance sampling reduces variance in reflection estimate

Uniform
sampling

Importance
sampling
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What about an image like this?

Direct illumination + reflection + transgarencx

Image credit: Henrik Wann Jensen



Basic recursive ray tracing for a perfect mirror

Spectrum TraceRay (Ray ray) ({
Intersection isect = scene->Intersect (ray)
BSDF bsdf = isect.GetBSDF () ;

Vector3f wo = -ray.d;

if (bsdf->isMirror()) { // handle case of perfect mirror surface
Vector3d wi = computeMirrorReflDir (isect.N, wo);
if (ray.depth == MAX DEPTH)

Specular mirror reflectance
return Spectrum(0.0);

else

return TraceRay (Ray(isect.P, wi, ray.depth+l));

} else { // non-mirror case, compute reflectance due to unshadowed

// area source of radiance L
Spectrum Lo;

for (int j=0 to NUM LIGHT SAMPLES) ({
// sample point on light source to get: p j, pdf(p_3j)

Reflectance due to

// compute MC estimator... - fr (p, (p’ — p) — wo) L cosfcos 6 direct lighting

/‘2

Lo += estimator / NUM LIGHT SAMPLES; p(pj) ‘p — P

Stanford (5248A, Winter 2025



Computing mirror reflection and transmission directions

Reflected ray:
Top-down view
;N\ (looking down on surface)

/// ﬁ \\\

w}____t_____\{‘)o ¢z /¢Zo
Y V Vs
0=0,=0;  ¢o=(¢i+m)mod2n

Wo = —W; + 2((&)@ ' ﬁ)ﬁ

Refracted ray: (transmission)

W; Il

<b/

n; sin 0; = n, sin 6,
o = (¢; + m)mod 27
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Basic recursive ray tracing

[ pumunt®
-ll--":--

Pinhole
Camera

Virtual
Sensor
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Whitted’s recursive ray tracer

“An improved lllumination model for shaded display”
T. Whitted, CACM 1980

1. Always send ray
to the light source (unless glass or mirror)

2. Recursively generate reflected rays (mirror) and
transmitted rays (glass)

Time:

-VAX 11/780 (1979) 74m
-PC(2006) 65

- GPU (2012) 1/30s

¢
’

Seres and Checkerboard
T. Whitted, 1979
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Mirror, depth 1
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Mirror, depth 3
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Mirror, depth 10
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Glass, depth 1




Glass, depth 2
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Glass, depth 10
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Direct illumination + reflection + transparency

Image credit: Henrik Wann Jensen



Image credit: Henrik
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Importance of indirectill
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Scene breakdown: by bounce
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0 bounces (visible light sources)




1 bounce (direct illumination)
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2 bounces
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Energy balance: surface balance equation

[outgoing] = [emitted] + [incoming] - [absorbed]
[reflected] = [incoming] - [absorbed]
[outgoing] = [emitted] + [reflected]

Lo(p,wo) =Le(p,wo) + L (P, wo)

=L, (p7 CUO) -+ fT‘ (p7 Wi —7 w()) L; (p7 wi) COS (92 dwi

: /

The problem: need to know incident radiance!
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Incident radiance function




The rendering equation

Radiance invariance along rays:

Li(p,w;) = Lo(tr(p,w;), —w;)

“Radiance arriving at p from direction (W,
: oy : / N
is the same as radiance leaving P from direction —W; "

Rewrite incident radiance in terms of exitant radiance at 1st visible surface:

Lo(p7 wO) — Le(p7 CUO) T fr(pa Wi — w()) La(tr(pa wi)a _wi) COS 6)2 dwi

H2f /4

Light scattering Light transport
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The rendering equation

L(p7 wo) — Le (p7 wo)"‘

fr(P,wz' — wo) L(tr(pvwi)v —wz') cos 0; dw;
H2

Stanford (5248A, Winter 2025



The rendering equation: area form

m Can rewrite rendering equation as an integral over surface area of objects in the scene
cos 6

- Apply change of variables dw = ——dA
T

- Introduce binary visibility function: V' (p <> p’)

Lo(p,wsy) =Le(p,wo)+

cos 0’
Afr(pa (p/ — p) — wo) [J()(p/7 (p L p/)) COSHV(p o p/) /|2dp/

— — p—p
) — Wy

— L.(p,w,) + Afr(pv (p" = p) = wo) Lo(p’, (p — P))

cos 6 cos 0’
p—p')?

G(p < p')=V(p < p)
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The rendering equation as a sum over paths

Lo(p1 — p) =L.(p1 = p) «—— Pathof length 1

+/ Le(p2 — p1)f(p2 = p1 — p)G(p1 > p2)dA(p2) «—— Paths of length 2
A

+ /A /A Le(ps = p2)f(p3 = p2 = p1)G(p2 ¢ p3)f(p2 = p1 = p)G(p1 <> p2)dA(ps)dA(p2)
NI Paths of length 3

I Energy reaching p from all paths of length n

pl — p Z pn)

=1 b pathof length n (n+1 vertices)

P2

P4

(I

P1
P3
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The rendering equation as a sum over paths

P(pn)zfA/A/A---/ALe(pn%pn_l)

X (H f(Pit1 = pi = Pi—1)G(Pit1 ¢ Pi)) dA(pz) - - - dA(pn)

1=

_ /A /A /A /A Le(Pn — Do )T (Pn)dA (D) - - - dA(py)

T— Path “throughput” = fraction of light from light source
at point p, reaching p

P2

P P4

(-

P1
P3
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How do we sample paths?

|ldea: generate random path incrementally starting at camera

Recursive expansion of estimator: /"

(W, w;) cos B;
Lo(p;wo) = Le(p,wo) A /il )

p(w;) Lo(p', —wi)

fr(—w;, w!) cosb.

~ frcost; | L w,_,)'
p(w)) U

:Le | Le pla_wi |
@) | ( )
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Basic recursive path tracing

Spectrum Pathlo (Ray ray) {
Intersection isect = scene->Intersect(ray);
BSDF bsdf = isect.GetBSDF () ;
Vector3f wo = -ray.d, wi;
Float pdf;

Spectrum fr

bsdf.Sample f(wo, &wi, &pdf);

return isect.Le(wo) +
fr * PathLo (Ray(isect.P, wi)) * Dot(wi, isect.N) /

Note how over the entire path the indirect illumination is modulated
by product of probabilities of individual path segments.
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Kajiya, 1986
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Figure 6. A sample image. All objects are neutral grey. Color on the objects
is due to caustics from the green glass balls and color bleeding from the base

polygon.
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1024 samples per pixel
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The postcard-sized path tracer

#include <stdlib.h> // card > pixar.ppm
#include <stdio.h>
#include <math.h>
#define R return
#define O operator
typedef float F;typedef int I;struct V{F x,y,z;V(F v=0){x=y=z=v;}V(F a,F b,F
c=0){x=a;y=b;z=c;}V O+(V r){R V(x+r.x,y+r.y,z+r.z);}V O0*(V r){R V(X*r.x,y*r.
yv,2*r.z);}F 0%(V r){R x*r.x+y*r.y+z*r.z;}V O!(){R*this*(1/sqrtf(*this%*this)
);}};F L(F 1,F r){R 1<r?l:r;}F U(){R(F)rand()/RAND MAX;}F B(V p,V 1,V h){l=p
+1*-1;h=h+p*-1;R-L(L(L(l.x,h.x),L(l.y,h.y)),L(l.2,h.2));}F S(V p,I&m){F d=1\
e9;V f=p;f.z=0;char 1[]="505 5WI9W5 9 COC AOEOA E IOQ I QOUOY Y ]OWW[WaOa aW\
eWa e cWiO";for(I 1=0;1i<60;i+=4){V b=V(1[1]-79,1[1i+1]-79)*.5,e=V(1[1+2]-79,1
[1+3]-79)*.5+b*-1,0=f+(b+e*L(-L( (b+f*-1)%e/(e%e),0),1))*-1;d=L(d,0%0); }d=sqg\
rtf(d);Vv a[]={V(-11,6),V(11,6)};for(I i=2;i--;){V o=f+a[i]*-1;d=L(d,0.x>0?2f\
absf (sqgrtf(o%o0)-2):(o0.y+=0.y>0?-2:2,sqgrtf(o%0))); }d=powf (powf(d, 8)+powf(p.z,
8),.125)-.5;m=1;F r=L(-L(B(p,V(-30,-.5,-30),Vv(30,18,30)),B(p,V(-25,17,-25),V
(25,20,25))),B(V(fmodf (fabsf(p.x),8),p.v,p.2),V(1.5,18.5,-25),V(6.5,20,25)))
;if(r<d)d=r,m=2;F s=19.9-p.y;if(s<d)d=s,m=3;R d;}I M(V o,V d,V&h,V&n){I m,s=
0;F t=0,c;for(;t<100;t+=c)if((c=S(h=o+d*t,m))<.01||++s>99)R n=!V(S(h+V(.01,0
),s)-¢,S(h+v(0,.01),s)-¢c,S(h+v(0,0,.01),s)-c),m;R O0;}V T(V o,V d){V h,n,r,t=
1,1(!V(.6,.6,1));for(I b=3;b--;){I m=M(o,d,h,n);if(!m)break;if(m==1){d=d+n*(
ngd*-2);o=h+d*.1l;t=t*.2;}if(m==2){F i=n%1l,p=6.283185*U(),c=U(),s=sqrtf(l-c),
g=n.z<0?-1:1,u=-1/(g+n.z),v=n.x*n.y*u;d=V(v,g+n.y*n.y*u,-n.y)*(cosf(p)*s)+V(
l+g*n.x*n.x*u,g*v,-g*n.x)*(sinf(p)*s)+n*sqrtf(c);o=h+d*.1;t=t*.2;if(1>0&&M(h
+n*.1,1,h,n)==3)r=r+t*v(500,400,100)*1i;}if(m==3){r=r+t*v(50,80,100);break;}}
R r;}I main(){I w=960,h=540,s=16;V e(-22,5,25),g9=1(V(-3,4,0)+e*-1),1=1V(g.z,
0,-g.x)*(1l./w),u(g.y*l.z-g.z2*1l.y,g.2*l.x-g.x*1.2,g.x*1.y-g.y*1.x);printf ("P\
d %d 255 ",w,h);for(I y=h;y--;)for(I x=w;x--;){V c;for(I p=s;p--;)c=c+T(e
1 (g+l*(x-w/2+U0())+u*(y-h/2+U())));c=c*(1l./s)+14./241;V o=c+l;c=V(c.x/0.X%X,C.
y/o0.y,c.z/0.2)*255;printf("%c%c%c",(I)c.X,(I)c.y,(I)c.2z);}}// Andrew Kensler

[Andrew Kensler]

[Decyphering the postcard sized path tracer, Fabien Sanglard]
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Partitioning the rendering equation

Li(pv wz‘) — Li,d(]@% wi) T Lz’,z’<p7 wz’)

m Incident directillumination: L; ;(p, w;)
- Sample lights+BRDFs

m Incident indirect illumination: L; ; (p, w;)
- Recursive evaluation of rendering eqn.

Lo(p,ws) =Le(p,wo)

fr(wz' — wo) Li,d(pawz’) cos 0; dw;+
H2

f,r (wi — UJO) Li,i(P, wi) COS (9@ dwi
2
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Path tracing

P1
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Path tracing: sampling indirect illumination

fr (wz- — wO) Li,i(pa wi) COS (9@ dwi
2

m Sample incoming direction from some distribution (e.g. proportional to BRDF): w; ~ p(w)
m Recursively call path tracing function to compute incident indirect radiance

m Estimator: fr(w; — wo) L; (p,w;) cosb;

p(wi)

fr(w; = wo) Lo(tr(p,w;), —w;) cos b,
p(wz’)

Stanford (5248A, Winter 2025



Path tracing: recursive
Lo(P,wo) =Le(p,wo)+

fr(wi = wo) Lia(p,w;) cosB; dw;+

H2
fr(w; = wy) Lo(tr(p,w;), —w;) cos 6; dw;
H?2
Spectrum PathLo (Ray ray) { Reflectance due to incident
Intersection isect = scene->Intersect(ray) direct Iighting
BSDF bsdf = isect.GetBSDF () ;
Vector3f wo = -ray.d;

Spectrum Ld = ReflFromDirectLighting(bsdf, wo);
Spectrum fr = bsdf.Sample f(wo, &wi, &pdf);

return |(depth == 0 ? isect.Le(wo)| : 0.) + ILd +

fr * PathLo(Ray(isect.P, wi)) * Dot(wi, isect.N) /

Stanford (5248A, Winter 2025



Path contribution

P2
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Path tracing: iterative version

Spectrum PathLo (Ray ray) {

Spectrum Lo = 0, beta = 1;

int depth = 0;

while (true) {
Intersection isect = scene->Intersect(ray)
Vector3f wo = -ray.d;
if (depth == 0) Lo += isect.Le(wo)
BSDF brdf = isect.GetBSDF() ;

Lo += beta * ReflFromDirectlLighting(bsdf, wo);

Spectrum fr = bsdf.Sample f(wo, &wi, &pdf) ;
beta *= fr * Dot(wi, isect.N) / pdf;
depth++;
ray = Ray(isect.P, wi);

}

return Lo;

What's the problem with this implementation?

Stanford (5248A, Winter 2025



Russian Roulette
m Define path termination probability ¢

m Randomly terminate path based on ¢;

. . .y 1
- for surviving paths, scale contribution by -
m Russian roulette gives expectation:
-y -
1-9F | — 1t qE0] = E[X]

Stanford (5248A, Winter 2025



Russian Roulette

Spectrum Pathlo (Ray ray) {
Spectrum Lo = 0, beta = 1;
int depth = 0;
while (true) {

Intersection isect = scene->Intersect(ray); Reca"the estimator:

Vector3f wo = -ray.d;

if (depth == 0) Lo += isect.Le(wo) ; f’l“ ((«U@ — wO) LO (t’f(p, wr&)’ wz) CO5 01
p(wi)

BSDF bsdf = isect.GetBSDF() ;
Lo += beta * ReflFromDirectLighting (bsdf, wo) ;

Spectrum fr = bsdf.Sample f(wo, &wi, &pdf); P(choosi - inating) P(not t inating)
. ing w; |n
beta *= fr * Dot (wi, isect.N) / CNOO0S gw.\ otl_terminating) Finot terminating

if (UniformFloat() < qgq) break;
else beta /= |(1-9);

depth++;

ray = Ray(isect.P, wi);

}

return Lo;

} Stanford (5248A, Winter 2025



Improving Russian Roulette

m Recurring principle: It's best to avoid spending computation on samples that make a small contribution

m How do you know a sample will make a small contribution before you evaluate it?

m Recall: LZ — ﬁ(f))[ze

m O(D) isareasonable proxy for expected contribution

Stanford (5248A, Winter 2025



Russian Roulette: better

Spectrum PathLo (Ray ray) ({

Spectrum Lo = 0, beta = 1;

int depth=0;

while (true) {
Intersection isect = scene->Intersect(ray)
Vector3f wo = -ray.d;
if (depth == 0) Lo += isect.Le(wo);

BSDF bsdf = isect.GetBSDF () ;

Lo += beta * ReflFromDirectLighting (bsdf, wo);

Spectrum fr = bsdf.Sample f(wo, &wi, &pdf) ;
beta *= fr * Dot(wi, isect.N) / pdf;

Float g = 1 - beta.MaxComponentValue () ;

if (UniformFloat() < qgq) break;

beta /=1 - qg;

depth++;

ray = Ray(isect.P, wi);
}

return Lo;

High path throughput yields low
termination probability
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Advanced topic: path guiding

m Recall the MC estimator:
fr(wi — WO) Lo(tr(pv wz’)a _Wz') COS 6@
p(wi)

m Regular path tracing: sample

(or something similartoit) "¢ ™ fr(wi = wo)

m But: really want to sample X fr L, cos®

m |dea: learn the distribution of light in the scene to guide sampling

Stanford (5248A, Winter 2025



Advanced topic:
path guiding

Use results from prior paths to
influence choice of future paths.

[Muiller et al. 2018}

Baseline PPG
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Recent work

caching/reusing good paths

Path traced: 1 path/pixel (8 ms/frame)

Key idea: cache good paths, reuse good |+ .

paths found from from prior frames or 0

for prior pixels in same frame 33 Y ( g i samole count ath
’Q \... traced “ground truth”

[Ouyang et al. 2021]
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Path tracing summary

m Path tracing: sample paths through scene (from the domain of all possible paths)

- Unbiased estimator of solution to the full rendering equation (provided paths are correctly weighted by
their probabilities... (incorrect PDFs are a common source of bugs)

m Simple, elegant, brute force! ;-)

m Efficiency comes from intelligent biasing of paths toward the most “important” paths.
- But that’s a topic for a more advanced rendering course!

m Next time: modern techniques (and hacks!) for real-time performance
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