
Computer Graphics: Rendering, Geometry, and Image Manipulation 
Stanford CS248A, Winter 2025

Lecture 15:

Rendering Volumes, Points, 
and Gaussians
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So far in this course
We have discussed ray tracing algorithms for rendering surfaces in a vacuum 
- Rays traveled through empty space until the next surface  
- Radiance was conserved along a ray 

Let’s change that today…
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But what about scenes like this…
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Volumetric e!ects
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Today’s subject
Rendering from geometry representations that are not meshes 
- Rendering volumes 
- Rendering points/gaussians 

And their implications to modern progress in scene capture
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Absorption in a volume

                    radiance along a ray from p in direction ω 
Absorption cross section at point in space: 
- Probability of being absorbed per unit length 
- Units: 1/distance

L(p,!) L+ dL
�a(p)

�a(p)

dL(p,!) = ��a(p)L(p,!) ds

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds

p = (x, y, z)

<latexit sha1_base64="GyeBDh+davkHb3nDbIR6GvqB2iI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREKroRim5cVrAPaEOZTCft0JkkzEykMeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c9yQUaks69sorK1vbG4Vt0s7u3v7B+ZhuSODSGDSxgELRM9FkjDqk7aiipFeKAjiLiNdd3qb+d1HIiQN/AcVh8ThaOxTj2KktDQ0ywOO1ETwJEyvq7NaXHs6G5oVq27NAVeJnZMKyNEaml+DUYAjTnyFGZKyb1uhchIkFMWMpKVBJEmI8BSNSV9TH3EinWSePYWnWhlBLxD6+QrO1d8bCeJSxtzVk1lSuexl4n9eP1LelZNQP4wU8fHikBcxqAKYFQFHVBCsWKwJwoLqrBBPkEBY6bpKugR7+curpHNetxv1i/tGpXmT11EEx+AEVIENLkET3IEWaAMMZuAZvII3IzVejHfjYzFaMPKdI/AHxucPZDqUBQ==</latexit>

! = (�, ✓)

<latexit sha1_base64="8kg+hUG4P4ZaXiSuX4wwrtKsvCg=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCBAkzEtGLEPTiMYJZIDOEnk5N0qRnobtGCEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1fMTKTTa9peVW1peWV3Lrxc2Nre2d4q7e00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyhzcTv/UASos4usdRAl7I+pEIBGdopG7xwI1D6LOrspsMxCl1cQDITrrFkl2xp6B/iTMnJTJHvVv8dHsxT0OIkEumdcexE/QyplBwCeOCm2pIGB+yPnQMjVgI2sum54/psVF6NIiVqQjpVP05kbFQ61Hom86Q4UAvehPxP6+TYnDpZSJKUoSIzxYFqaQY00kWtCcUcJQjQxhXwtxK+YApxtEkVjAhOIsv/yXNs4pTrZzfVUu163kceXJIjkiZOOSC1MgtqZMG4SQjT+SFvFqP1rP1Zr3PWnPWfGaf/IL18Q3spJTT</latexit>

L(p,!)

<latexit sha1_base64="pijO9OP4J8nL6P5pFk6auVFnTN8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpREKrosunHhooJ9QBPKZDpph84jzEyEGoq/4saFIm79D3f+jZM2C209MHA4517umRPGlCjtut9WYWl5ZXWtuF7a2Nza3rF391pKJBLhJhJUyE4IFaaE46YmmuJOLDFkIcXtcHSd+e0HLBUR/F6PYxwwOOAkIghqI/Xsg9uKz6AeSpbGk1NfMDyAJz277FbdKZxF4uWkDHI0evaX3xcoYZhrRKFSXc+NdZBCqQmieFLyE4VjiEZwgLuGcsiwCtJp+olzbJS+EwlpHtfOVP29kUKm1JiFZjJLqua9TPzP6yY6ugxSwuNEY45mh6KEOlo4WRVOn0iMNB0bApEkJquDhlBCpE1hJVOCN//lRdI6q3q16vldrVy/yusogkNwBCrAAxegDm5AAzQBAo/gGbyCN+vJerHerY/ZaMHKd/bBH1ifPwfFlPY=</latexit>

dL(p,!)

ds
= ��a(p)L(p,!)

<latexit sha1_base64="80aALtSC36IgtUA51ZPLtmit9WU="></latexit>
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Absorption in a volume

L(p,!) L+ dL
�a(p)

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds

p = (x, y, z)

<latexit sha1_base64="GyeBDh+davkHb3nDbIR6GvqB2iI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREKroRim5cVrAPaEOZTCft0JkkzEykMeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c9yQUaks69sorK1vbG4Vt0s7u3v7B+ZhuSODSGDSxgELRM9FkjDqk7aiipFeKAjiLiNdd3qb+d1HIiQN/AcVh8ThaOxTj2KktDQ0ywOO1ETwJEyvq7NaXHs6G5oVq27NAVeJnZMKyNEaml+DUYAjTnyFGZKyb1uhchIkFMWMpKVBJEmI8BSNSV9TH3EinWSePYWnWhlBLxD6+QrO1d8bCeJSxtzVk1lSuexl4n9eP1LelZNQP4wU8fHikBcxqAKYFQFHVBCsWKwJwoLqrBBPkEBY6bpKugR7+curpHNetxv1i/tGpXmT11EEx+AEVIENLkET3IEWaAMMZuAZvII3IzVejHfjYzFaMPKdI/AHxucPZDqUBQ==</latexit>

! = (�, ✓)

<latexit sha1_base64="8kg+hUG4P4ZaXiSuX4wwrtKsvCg=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCBAkzEtGLEPTiMYJZIDOEnk5N0qRnobtGCEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1fMTKTTa9peVW1peWV3Lrxc2Nre2d4q7e00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyhzcTv/UASos4usdRAl7I+pEIBGdopG7xwI1D6LOrspsMxCl1cQDITrrFkl2xp6B/iTMnJTJHvVv8dHsxT0OIkEumdcexE/QyplBwCeOCm2pIGB+yPnQMjVgI2sum54/psVF6NIiVqQjpVP05kbFQ61Hom86Q4UAvehPxP6+TYnDpZSJKUoSIzxYFqaQY00kWtCcUcJQjQxhXwtxK+YApxtEkVjAhOIsv/yXNs4pTrZzfVUu163kceXJIjkiZOOSC1MgtqZMG4SQjT+SFvFqP1rP1Zr3PWnPWfGaf/IL18Q3spJTT</latexit>

dL(p,!)

L(p,!)
= ��a(p)ds

<latexit sha1_base64="qLSUEVm6xBRMZlO40+WKrHM4Oqk="></latexit>

Transmittance: 

<latexit sha1_base64="cMCmOiTcZo4fF51uF0hA/E9j8Lo="></latexit>

T (s) = e�
R s
0 �a(p+s0!,!) ds0

L(p + s!,!) = e�
R s
0 �a(p+s0!) ds0L(p,!) = T (s)L(p,!)

<latexit sha1_base64="/PNflPOdopdW4g0gTGx3VNnDPCs="></latexit>
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Absorption: lower density

Credit: Walt Disney Animation Studios
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Absorption: higher density

Credit: Walt Disney Animation Studios
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Out scattering

�s

L(p,!) L+ dL

ds

�s(p)

dL(p,!) = ��s(p)L(p,!) ds

Scattering cross section at point in space: 
- Probability of being scattered per unit length 
- Units: 1/distance
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Absorption and out scattering diminish radiance

�t = �a + �s

Total cross section:

dL(p,!) = ��t(p)L(p,!) ds

⌧(s) =

Z s

0
�t(p + s0!) ds0

<latexit sha1_base64="2sSM7jq4Vjv1EEnGktSp5G8vCtU="></latexit>

T (s) = e�
R s
0 �t(p+s0!) ds0 = e�⌧(s)

<latexit sha1_base64="RrcR5xD3xljJQR5DOEamJQBRRNk="></latexit>

Where total transmittance is:

“Optical distance” (from absorption and scattering)

L(p + s!,!) = T (s)L(p,!)

<latexit sha1_base64="dWfxX7oFcpdpybcjOkUs38RwbTg=">AAACKnicbVDLSgMxFM34rONr1KWbYBFaLGVGKroRqm5cuKjQF3SGkknTNjSZGZKMUIZ+jxt/xU0XSnHrh5i2g9TWCyGHc87l3nv8iFGpbHtirK1vbG5tZ3bM3b39g0Pr6Lguw1hgUsMhC0XTR5IwGpCaooqRZiQI4j4jDX/wMNUbL0RIGgZVNYyIx1EvoF2KkdJU27ozn3IuR6oveBKN4AWU0A056aFC+ufhLazmZB66Bbho/dXbVtYu2rOCq8BJQRakVWlbY7cT4piTQGGGpGw5dqS8BAlFMSMj040liRAeoB5paRggTqSXzE4dwXPNdGA3FPoFCs7YxY4EcSmH3NfO6apyWZuS/2mtWHVvvIQGUaxIgOeDujGDKoTT3GCHCoIVG2qAsKB6V4j7SCCsdLqmDsFZPnkV1C+LTql49VzKlu/TODLgFJyBHHDANSiDR1ABNYDBK3gHH+DTeDPGxsT4mlvXjLTnBPwp4/sHaaOkPQ==</latexit>
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Ray marching to compute transmittance
Step through volume in small steps

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

r(t) = o+ t!

<latexit sha1_base64="cMwn0bqImWG/ylQ/hlEPaBXI3M8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDIjFd0IRTcuK9gHtKVk0kwbmpkMyR2hDPMVbvwVNy4UcSvu/BszfYC2Hgice8695N7jhoJrsO1vK7O0vLK6ll3PbWxube/kd/fqWkaKshqVQqqmSzQTPGA14CBYM1SM+K5gDXd4k/qNB6Y0l8E9jELW8Uk/4B6nBIzUzZ+2fQID14tVUoRjfIVntUzwCYZZ1ZY+65Okmy/YJXsMvEicKSmgKard/Fe7J2nkswCoIFq3HDuETkwUcCpYkmtHmoWEDkmftQwNiM90Jx6fleAjo/SwJ5V5AeCx+nsiJr7WI981nemaet5Lxf+8VgTeZSfmQRgBC+jkIy8SGCROM8I9rhgFMTKEUMXNrpgOiCIUTJI5E4Izf/IiqZ+VnHLp/K5cqFxP48iiA3SIishBF6iCblEV1RBFj+gZvaI368l6sd6tj0lrxprO7KM/sD5/AM+bny4=</latexit>

Given “camera ray” from point o in direction w….

And volume with density

Estimate optical thickness as:

pi = o+
i+ 0.5

N
!

<latexit sha1_base64="O5jEs+AE3Vg/Wf72PPignRPOJeQ=">AAACG3icbVDLSgMxFM34rPVVdekmWAShUGZKi26EohtXUsE+oDOUTJppQ5PJkGSEMsx/uPFX3LhQxJXgwr8xnc5CWw8ETs65l3vv8SNGlbbtb2tldW19Y7OwVdze2d3bLx0cdpSIJSZtLJiQPR8pwmhI2ppqRnqRJIj7jHT9yfXM7z4QqagI7/U0Ih5Ho5AGFCNtpEGp5nKkx5InUTqg8BJmXz9IRAor0A0kwgmt2NVGmtym0BWcjNCgVLardga4TJyclEGO1qD06Q4FjjkJNWZIqb5jR9pLkNQUM5IW3ViRCOEJGpG+oSHiRHlJdlsKT40yhIGQ5oUaZurvjgRxpabcN5Wz1dWiNxP/8/qxDi68hIZRrEmI54OCmEEt4CwoOKSSYM2mhiAsqdkV4jEygWgTZ9GE4CyevEw6tapTrzbu6uXmVR5HARyDE3AGHHAOmuAGtEAbYPAInsEreLOerBfr3fqYl65Yec8R+APr6wf1gaC7</latexit>

⌧(s) ⇡ s

N

NX

i

�t(pi)

<latexit sha1_base64="OuBeoeGOvOs0cHUBtYQ4vsM6qOk="></latexit>

r(t)

⌧(s) =

Z s

0
�t(p + s0!) ds0

<latexit sha1_base64="2sSM7jq4Vjv1EEnGktSp5G8vCtU="></latexit>

Trying to approximate this integral

To compute:

T (s) = e�⌧(s)



Phase function: 

Energy conservation:
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In scattering
Light going in other directions also scatters into the direction ω 
In scattering increases radiance along ω 

S(p,!) = �s(p)

Z

S2

p(!0 ! !)L(p,!0) d!0

ds

<latexit sha1_base64="tk8qJLhIj57C8ueMlbn7KHM6dzY=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXVZdOOygr1AE8JkOm2HzkzCzEQoISs3voobF4q49Rnc+TZO2gja+sPAx3/OYc75w5hRpR3ny1paXlldWy9tlDe3tnd27b39tooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Dqvd+6JVDQSd3oSE5+joaADipE2VmAfeYoOOQo8jvRI8lRl1R+Ms9PArjg1Zyq4CG4BFVCoGdifXj/CCSdCY4aU6rlOrP0USU0xI1nZSxSJER6jIekZFIgT5afTMzJ4Ypw+HETSPKHh1P09kSKu1ISHpjNfUc3XcvO/Wi/Rg0s/pSJONBF49tEgYVBHMM8E9qkkWLOJAYQlNbtCPEISYW2SK5sQ3PmTF6Fdr7nntfrtWaVxVcRRAofgGFSBCy5AA9yAJmgBDB7AE3gBr9aj9Wy9We+z1iWrmDkAf2R9fAMj+pmO</latexit>

�s(p)
L(p,!) L+ dL

Z

S2

p(!0 ! !) d!0 = 1

p(!0 ! !)
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Phase Functions
Phase angle 

Phase functions 
- Isotropic: 

- Rayleigh: 

- Mie:

cos ✓ = ! · !0

p(cos ✓) =
1

4⇡

p(cos ✓) =
3

4
(1 + cos2 ✓)

<latexit sha1_base64="q/laJH5gkD4GPalR9oE/j98JO/M=">AAACF3icbVDJSgNBEO1xjXEb9eilMQgRIcwkAb0IQS8eI5gFMmPo6fQkTXoWumuEMMxfePFXvHhQxKve/Bs7i6CJDwoe71VRVc+LBVdgWV/G0vLK6tp6biO/ubW9s2vu7TdVlEjKGjQSkWx7RDHBQ9YADoK1Y8lI4AnW8oZXY791z6TiUXgLo5i5AemH3OeUgJa6ZikuOjRS2IEBA3Jy4fiS0LSSpdUMF218isfuXfnH 75oFq2RNgBeJPSMFNEO9a346vYgmAQuBCqJUx7ZicFMigVPBsryTKBYTOiR91tE0JAFTbjr5K8PHWulhP5K6QsAT9fdESgKlRoGnOwMCAzXvjcX/vE4C/rmb8jBOgIV0ushPBIYIj0PCPS4ZBTHShFDJ9a2YDohOBnSUeR2CPf/yImmWS3alVL6pFmqXszhy6BAdoSKy0RmqoWtURw1E0QN6Qi/o1Xg0no03433aumTMZg7QHxgf38loncs=</latexit>

with

[Philip Laven]

�s /
1

�4
<latexit sha1_base64="5H0De0IUmbcPAEKbbJHDek9xLAg=">AAACDXicbVA7T8MwGHTKq5RXgJHFoiAxVUmpBGMFC2OR6ENqQuQ4TmvViS3bQaqi/gEW/goLAwixsrPxb3DbDNBykqXT3ffZvgsFo0o7zrdVWlldW98ob1a2tnd29+z9g47imcSkjTnjshciRRhNSVtTzUhPSIKSkJFuOLqe+t0HIhXl6Z0eC+InaJDSmGKkjRTYJ56igwQFCnpCcqE59GKJcO5Oco+ZayJ035gEdtWpOTPAZeIWpAoKtAL7y4s4zhKSasyQUn3XEdrPkdQUMzKpeJkiAuERGpC+oSlKiPLzWZoJPDVKBGMuzUk1nKm/N3KUKDVOQjOZID1Ui95U/M/rZzq+9HOaikyTFM8fijMGTehpNTCikmDNxoYgLKn5K8RDZNrQpsCKKcFdjLxMOvWae16r3zaqzauijjI4AsfgDLjgAjTBDWiBNsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHw6Ob/g==</latexit>

Note: probability of scattering is 
function of wavelength
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Rayleigh Scattering: Blue Sky, Red Sunset

From Greenler: Rainbows, Halos, and Glories
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Henyey-Greenstein Phase Function
Empirical phase function 

Average phase angle g:

p(cos ✓) =
1

4⇡

1� g2

(1 + g2 � 2g cos ✓)3/2

g = 2⇡

Z 2⇡

0
p(cos ✓) cos ✓ sin ✓ d✓

g = �0.3 g = 0 g = 0.6
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More Backward 
Scattering

More Forward 
Scattering

Light source
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Direct illumination in a volume
Can treat like direct illumination on a surface 
e.g., sample light sources (or from phase function’s distribution)

Sd(p
0,!) = �s(p

0)

Z

S2

p(!0 ! !)Ld(p
0,!0) d!0

<latexit sha1_base64="6d3c30AxGRlsvLnz/i5LsM/vYOs="></latexit>

!0

<latexit sha1_base64="xG5kzAWxqhf6F4F5S+d/dq+70LM=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPoKexKRI9BLx4jmAckS5id9CZD5rHMzAphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fhu5refQBum5KOdJBAKMpQsZpRYJ7V7SsCQnPfLFb/qz4FXSZCTCsrR6Je/egNFUwHSUk6M6QZ+YsOMaMsoh2mplxpICB2TIXQdlUSACbP5uVN85pQBjpV2JS2eq78nMiKMmYjIdQpiR2bZm4n/ed3UxjdhxmSSWpB0sShOObYKz37HA6aBWj5xhFDN3K2Yjogm1LqESi6EYPnlVdK6rAa16tVDrVK/zeMoohN0ii5QgK5RHd2jBmoiisboGb2iNy/xXrx372PRWvDymWP0B97nD/U4j1Q=</latexit>

!

<latexit sha1_base64="amRWnBX673DWeoMIa72Gd54pRsI=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBrXq5X2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPksmPIw==</latexit>

But computing direct lighting is now much more  
expensive 
Why? (Hint: requires more than a shadow ray)
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Single scattering
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Multiple scattering (not discussed today)
Appearance of a volume is not just due to a single scattering event (light directly from a light source scattering in 
the direction of eye) 
Light scatters many times in the volume before existing in the direction of the eye, so need to account for all these 
light paths 
Advanced rendering topic: Monte Carlo estimate of multiple scattering events (“volume rendering equation”)

Single scattering Multiple scattering
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Let’s ignore lighting for a moment 

Credit: Taubmann et al. , Siemens Healthineers 

Volume rendered CT scan Volume rendered scene 
(Mildenhall et al.)

Consider representing a scene as a volume

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

Volume density and “color” at all points in space.

c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

The re#ectance o! surface 
at point p in direction ω
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Rendering volumes

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

Volume density and color at all points in space.
c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

r(t) = o+ t!

<latexit sha1_base64="cMwn0bqImWG/ylQ/hlEPaBXI3M8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDIjFd0IRTcuK9gHtKVk0kwbmpkMyR2hDPMVbvwVNy4UcSvu/BszfYC2Hgice8695N7jhoJrsO1vK7O0vLK6ll3PbWxube/kd/fqWkaKshqVQqqmSzQTPGA14CBYM1SM+K5gDXd4k/qNB6Y0l8E9jELW8Uk/4B6nBIzUzZ+2fQID14tVUoRjfIVntUzwCYZZ1ZY+65Okmy/YJXsMvEicKSmgKard/Fe7J2nkswCoIFq3HDuETkwUcCpYkmtHmoWEDkmftQwNiM90Jx6fleAjo/SwJ5V5AeCx+nsiJr7WI981nemaet5Lxf+8VgTeZSfmQRgBC+jkIy8SGCROM8I9rhgFMTKEUMXNrpgOiCIUTJI5E4Izf/IiqZ+VnHLp/K5cqFxP48iiA3SIishBF6iCblEV1RBFj+gZvaI368l6sd6tj0lrxprO7KM/sD5/AM+bny4=</latexit>

Given “camera ray” from point o in direction w….

And volume with density and directional radiance.

Step through the volume to compute radiance along the ray.

r(t)
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Regular 3D grid representation of a volume
Dense 3D grid 
- V[i,j,k] = rgba 

Note, this representation treats surface 
as di!use, since: 

Would need σ[i,j,k] and c[i,j,k,phi,theta] 
to represent directional distribution of 
color

Credit: Voxel Ville NFT (voxelville.io) 

c(p,!) = c(p)

<latexit sha1_base64="iPFxnucawQI81Uo6+5/oph5A5qw=">AAACDnicbVDLSgMxFM3UV62vUZdugqXQgpQZqehGKLpxWcE+oFNKJs20oUlmSDJCGfoFbvwVNy4UcevanX9jpp1FbT1w4XDOvdx7jx8xqrTj/Fi5tfWNza38dmFnd2//wD48aqkwlpg0cchC2fGRIowK0tRUM9KJJEHcZ6Ttj29Tv/1IpKKheNCTiPQ4GgoaUIy0kfp2CZc9jvRI8iSankEv5GSIKvAaLuqVvl10qs4McJW4GSmCDI2+/e0NQhxzIjRmSKmu60S6lyCpKWZkWvBiRSKEx2hIuoYKxInqJbN3prBklAEMQmlKaDhTFycSxJWacN90pieqZS8V//O6sQ6uegkVUayJwPNFQcygDmGaDRxQSbBmE0MQltTcCvEISYS1SbBgQnCXX14lrfOqW6te3NeK9Zssjjw4AaegDFxwCergDjRAE2DwBF7AG3i3nq1X68P6nLfmrGzmGPyB9fULzj+bVQ==</latexit>
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Regular 3D grid representation of a volume

Credit: Voxel Ville NFT (voxelville.io) 

Consider storage requirements: 
40963 cells

Ignore directional dependency: rgbσ 4 bytes/cell 
~ 128 GB

Now consider directional dependency of color 
on (�, ✓)

<latexit sha1_base64="FANx3/kS5T1KQQSpkjHNFSSCIO0=">AAAB9XicbVBNS8NAEN3Ur1q/qh69LBahgpREKnosevFYwX5AE8tmu2mWbjZhd6KU0P/hxYMiXv0v3vw3btsctPXBwOO9GWbm+YngGmz72yqsrK6tbxQ3S1vbO7t75f2Dto5TRVmLxiJWXZ9oJrhkLeAgWDdRjES+YB1/dDP1O49MaR7LexgnzIvIUPKAUwJGeqi6ScjPsAshA3LaL1fsmj0DXiZOTiooR7Nf/nIHMU0jJoEKonXPsRPwMqKAU8EmJTfVLCF0RIasZ6gkEdNeNrt6gk+MMsBBrExJwDP190RGIq3HkW86IwKhXvSm4n9eL4Xgysu4TFJgks4XBanAEONpBHjAFaMgxoYQqri5FdOQKELBBFUyITiLLy+T9nnNqdcu7uqVxnUeRxEdoWNURQ66RA10i5qohShS6Bm9ojfryXqx3q2PeWvBymcO0R9Ynz9GBZG6</latexit>

… much worse storage cost

Typical challenge: 
limited resolution
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Recall quad-tree / octree
Quad-tree: nodes have 4 children (partitions 2D space) 

Octree: nodes have 8 children (partitions 3D space)

Like uniform grid: easy to build (don’t have to choose 
partition planes) 

Has greater ability to adapt to location of scene geometry 
than uniform grid.
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Recall quad-tree / octree
Now store samples of occupancy or density %eld in the tree structure, not triangles

Full

Full

E!ective resolution in this example is 8x8:  but structure only must store 20 leaf nodes 
Interior nodes with no children → same “value” for all children in subtree  
Value stored at nodes could be: binary occupancy, or value like:                                  or    �a(x, y, z)

<latexit sha1_base64="EdJktxkEMA+gjcigeiqxD3Ulup8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0WoUEoiFV0W3bisYB/QhjCZTtqhM5MwMxHT0C9x40IRt36KO//GaZuFth64cDjnXu69J4gZVdpxvq219Y3Nre3CTnF3b/+gZB8etVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJxrczv/NIpKKReNBpTDyOhoKGFCNtJN8u9RUdcuSjylM1rU7Ofbvs1Jw54Cpxc1IGOZq+/dUfRDjhRGjMkFI914m1lyGpKWZkWuwnisQIj9GQ9AwViBPlZfPDp/DMKAMYRtKU0HCu/p7IEFcq5YHp5EiP1LI3E//zeokOr72MijjRRODFojBhUEdwlgIcUEmwZqkhCEtqboV4hCTC2mRVNCG4yy+vkvZFza3XLu/r5cZNHkcBnIBTUAEuuAINcAeaoAUwSMAzeAVv1sR6sd6tj0XrmpXPHIM/sD5/AM6lkoo=</latexit>

�s(x, y, z)

<latexit sha1_base64="MoUj1WLTCRpmzcv8TqViepLOGCY=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0WoUEoiFV0W3bisYB/QhjCZTtqhM5MwMxHT0C9x40IRt36KO//GaZuFth64cDjnXu69J4gZVdpxvq219Y3Nre3CTnF3b/+gZB8etVWUSExaOGKR7AZIEUYFaWmqGenGkiAeMNIJxrczv/NIpKKReNBpTDyOhoKGFCNtJN8u9RUdcuSrylM1rU7Ofbvs1Jw54Cpxc1IGOZq+/dUfRDjhRGjMkFI914m1lyGpKWZkWuwnisQIj9GQ9AwViBPlZfPDp/DMKAMYRtKU0HCu/p7IEFcq5YHp5EiP1LI3E//zeokOr72MijjRRODFojBhUEdwlgIcUEmwZqkhCEtqboV4hCTC2mRVNCG4yy+vkvZFza3XLu/r5cZNHkcBnIBTUAEuuAINcAeaoAUwSMAzeAVv1sR6sd6tj0XrmpXPHIM/sD5/AOprkpw=</latexit>
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Ray marching a sparse voxel grid
Ray can now “skip” through empty space 

Ray marching is much more e&cient when it’s easy 
to determine where the “empty space” is  
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OpenVDB
Popular tree-structure for representing sparse volumetric data 
Inspired by B+ trees used in databases
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OpenVDB node visualization
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Example usage of volumetric data 
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Rendering Points (and Gaussians)
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Rendering point clouds
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Anti-aliasing point clouds
Treat surface as a collection of “3D Gaussian blobs” (convolve points with Gaussian %lter)

3D Gaussians turn into oriented 2D gaussians 
when projected onto the 2D screen 

Can render the blobs by rasterizing them back 
to front (this requires alpha compositing)

[Zwicker 2001]
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Visualization of 3D Gaussians
Visualization of 3D GaussiansRendered Result

[Credit: Kerbl 2023]
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“Gaussing splatting”

[Credit: Kerbl 2023]
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Some questions for the class
Recall… when we introduced geometry, we 
stressed choosing the right representation for 
the job! 

If you tell me a task, and then we can access 
the utility of di!erent representations 
- Describe a scene that needs to be 

represented 
- Describe what operation you want to 

perform (e.g., in this lecture, the operation 
is rendering/visualization, but you can 
consider other operations: like editing or 
optimization to %t a measurement)

For example: 
Consider representing this scene with ten’s of thousands of gaussians 
vs. two spheres and a few triangles
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Some questions for the class
Recall… when we introduced geometry, we 
stressed choosing the right representation for 
the job! 

If you tell me a task, and then we can access 
the utility of di!erent representations 
- Describe a scene that needs to be 

represented 
- Describe what operation you want to 

perform (e.g., in this lecture, the operation 
is rendering/visualization, but you can 
consider other operations: like editing or 
optimization to %t a measurement)

Does it make sense to represent this curved surface with a voxel grid? 
How many voxels would you need?
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Some questions for the class
Recall… when we introduced geometry, we 
stressed choosing the right representation for 
the job! 

If you tell me a task, and then we can access 
the utility of di!erent representations 
- Describe a scene that needs to be 

represented 
- Describe what operation you want to 

perform (e.g., in this lecture, the operation 
is rendering/visualization, but you can 
consider other operations: like editing or 
optimization to %t a measurement)

But what about accurately representing these scenes with triangles?
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Summary
Volumes (voxels) and Gaussian points as two alternative representations of geometry and materials 

Traditional uses in rendering: 
When you need to represent volumetric scene elements 
When you only have samples of a shape, not a connected surface representation 

These representations present rendering challenges not present when rendering triangles/surfaces 
Where is the empty space? (ray marching e&ciency) 
What are properties of the surface needed for shading (like the normal!) 

Signi%cant renewed interest in these representations in recent years… for two important reasons 
Reconstructing geometry representations from samples (e.g., photographs, scans) 
Generating shapes using generative AI. (e.g., “text prompt” to 3D model) 
In both cases, very helpful to have a di!erentiable renderer, and di!erentiable rendering is simpler on 
representations like voxels and gaussians where there’s not an explicit notion of boundary.
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Teaser for next time: an interesting task
Given a collection of photographs (from known camera viewpoints) 
Compute a 3D reconstruction of the scene (surface locations + color at each point on surface)

Credit: Mildenhall 2019
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Estimating mesh geometry is tricky

Credit: Mildenhall 2019
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Re-interest in using volume rendering (circa 2018)
Let’s just drop this triangle-based representation entirely, it’s much simpler (and more versatile when 
it’s unclear what the geometry is anyway) to emit a volumetric representation

Credit: Lombardi 2019

A “reasonable” volume representing the scene is the one that, when volume 
rendered from the viewpoint of the photograph, produces a picture that looks 
like the photograph.
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Summary
Thanks to Matt Pharr, Pat Hanrahan for materials in these slides


