
Computer Graphics: Rendering, Geometry, and Image Manipulation 
Stanford CS248A, Winter 2026

Lecture 12:

Global Illumination 
using Path Tracing



Last time: Monte Carlo estimate for the reflection equation

Lo(p,!o) =

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

!j ⇠ p(!)

Estimate:

Sample:

1

N

NX

j=1

fr(p,!j ! !o)Li(p,!j) cos ✓j
p(!j)

Monte Carlo estimate via sampling solid angle according to the PDF:!j ⇠ p(!)

Reflection equation in terms of integration over solid angles:
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Last time: Monte Carlo estimate for the reflection equation

Estimate:

Sample:

Monte Carlo estimate via sampling points on lights:

Reflection equation in terms of integration over one light source area:
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Assume area light source emitting radiance L in all directions.

pj ⇠ p(p)
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Review: Why does this picture look like this?

For video see: http://pharr.org/matt/assets/bistro-spp.mp4
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Major themes from last time
Monte Carlo: draw samples from integration domain according to p(x) 

Evaluate estimator at all samples 

In estimation, average of estimators is the integral we wish to compute   

Importance sampling: biasing sampling towards parts of the domain where integrand is 
large reduces variance in the Monte Carlo estimate 

- Consider: 

- E.g., shape             to be proportional to:
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If priors on the lighting are known: eg., environment light sampling, 
bias samples toward powerful lights in many-light setting

If BRDF is highly peaked, like a very glossy surface
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If no priors of lighting/BRDF known, or if lighting environment 
and/or BDRF are largely constant 
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Review: example of lighting environment with peaked distribution
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Most of the incoming light comes from this direction.
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Importance sampling reduces variance in reflection estimate

Importance 
sampling

1 4 16 64 256 1024

Uniform 
sampling
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Can you explain this figure?
It depicts reflection of a spherical light source off surfaces of increasing smoothness (nearly a mirror in the back)

Increasing light radius
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Importance sampling directions based on the BRDFSampling the light source

Slide credit Pat Hanrahan
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What about an image like this? 
Direct illumination + reflection + transparency

Perfect mirror: Glass

Image credit: Henrik Wann Jensen
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Basic recursive ray tracing for a perfect mirror
Spectrum TraceRay(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d; 
   
  if (bsdf->isMirror()) { // handle case of perfect mirror surface 
  Vector3d wi = computeMirrorReflDir(isect.N, wo); 
  if (ray.depth == MAX_DEPTH) 
   return Spectrum(0.0); 

  else 
    return TraceRay(Ray(isect.P, wi, ray.depth+1)); 

} else {                 // non-mirror case, compute reflectance due to unshadowed 
                         // area source of radiance L 
  Spectrum Lo; 
  for (int j=0 to NUM_LIGHT_SAMPLES) { 

// sample point on light source to get: p_j, pdf(p_j) 

// compute MC estimator...  

Lo += estimator / NUM_LIGHT_SAMPLES; 
  } 
} 

}
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Reflectance due to 
direct lighting

Specular mirror reflectance
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Recall: computing mirror reflection and transmission directions
Reflected ray:

~n
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✓i ✓o

�i �o

�o = (�i + ⇡)mod 2⇡✓ = ✓o = ✓i

Top-down view 
(looking down on surface)

!o = �!i + 2(!i · ~n)~n

Refracted ray: (transmission)

~n!i

�i

<latexit sha1_base64="xyzPWd0At/EQ07CarxWE+Q6IoKI=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyCq5KIosuiG5cV7AOaECbTSTt0ZhJmJkIN/RI3LhRx66e482+ctFlo64GBwzn3cs+cKGVUadf9tipr6xubW9Xt2s7u3n7dPjjsqiSTmHRwwhLZj5AijArS0VQz0k8lQTxipBdNbgu/90ikool40NOUBByNBI0pRtpIoV330zENfY70WPKczkK74TbdOZxV4pWkASXaof3lDxOccSI0ZkipgeemOsiR1BQzMqv5mSIpwhM0IgNDBeJEBfk8+Mw5NcrQiRNpntDOXP29kSOu1JRHZrJIqJa9QvzPG2Q6vg5yKtJME4EXh+KMOTpxihacIZUEazY1BGFJTVYHj5FEWJuuaqYEb/nLq6R73vQumpf3F43WTVlHFY7hBM7AgytowR20oQMYMniGV3iznqwX6936WIxWrHLnCP7A+vwBVtqTiw==</latexit>

�o

<latexit sha1_base64="w/7FQmu0wiW9IxCnGk0rLHUIy3k=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIosuiG5cV7AOaECbTSTt0HmFmItTQL3HjQhG3foo7/8ZJm4W2Hhg4nHMv98yJU0a18bxvp7K2vrG5Vd2u7ezu7dfdg8OulpnCpIMlk6ofI00YFaRjqGGknyqCeMxIL57cFn7vkShNpXgw05SEHI0ETShGxkqRWw/SMY0CjsxY8VzOIrfhNb054CrxS9IAJdqR+xUMJc44EQYzpPXA91IT5kgZihmZ1YJMkxThCRqRgaUCcaLDfB58Bk+tMoSJVPYJA+fq740cca2nPLaTRUK97BXif94gM8l1mFORZoYIvDiUZAwaCYsW4JAqgg2bWoKwojYrxGOkEDa2q5otwV/+8irpnjf9i+bl/UWjdVPWUQXH4AScAR9cgRa4A23QARhk4Bm8gjfnyXlx3p2PxWjFKXeOwB84nz9f+JOR</latexit>

✓o

<latexit sha1_base64="kmNLwIZLbA7vCftRaVexyGHTDCQ=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkVwVRKp6LLoxmUF+4A2hMl00g6dzISZG6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOmHCmwXW/rdLa+sbmVnm7srO7t39gVw87WqaK0DaRXKpeiDXlTNA2MOC0lyiK45DTbji5yf3uA1WaSXEP04T6MR4JFjGCwUiBXR3AmAIOBjGGsYozOQvsmlt353BWiVeQGirQCuyvwVCSNKYCCMda9z03AT/DChjhdFYZpJommEzwiPYNFTim2s/m0WfOqVGGTiSVeQKcufp7I8Ox1tM4NJN5Qr3s5eJ/Xj+F6MrPmEhSoIIsDkUpd0A6eQ/OkClKgE8NwUQxk9UhY6wwAdNWxZTgLX95lXTO616jfnHXqDWvizrK6BidoDPkoUvURLeohdqIoEf0jF7Rm/VkvVjv1sditGQVO0foD6zPH/n4lHo=</latexit>

⌘i sin ✓i = ⌘o sin ✓o

<latexit sha1_base64="/GSvkKd+wzjgzinsEgDXR/+hezk=">AAACOXicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EYounFZwT6gCWEynbRDJ5MwcyOU0N9y41+4E9y4UMStP+Ck7cI+DgwczjmXufcEieAabPvNKqytb2xuFbdLO7t7+wflw6OWjlNFWZPGIladgGgmuGRN4CBYJ1GMRIFg7WB4l/vtJ6Y0j+UjjBLmRaQvecgpASP55YbLgPhuRGCgooyPsau5xC4MFuQbPBeMVweN7JcrdtWeAC8TZ0YqaIaGX351ezFNIyaBCqJ117ET8DKigFPBxiU31SwhdEj6rGuoJBHTXja5fIzPjNLDYazMk4An6v+JjERaj6LAJPMV9aKXi6u8bgrhtZdxmaTAJJ1+FKYCQ4zzGnGPK0ZBjAwhVHGzK6YDoggFU3bJlOAsnrxMWhdVp1a9fKhV6rezOoroBJ2ic+SgK1RH96iBmoiiZ/SOPtGX9WJ9WN/WzzRasGYzx2gO1u8fH9Wu7A==</latexit>

�o = (�i + ⇡)mod 2⇡



Stanford CS248A, Winter 2026

Basic recursive ray tracing

Virtual 
Sensor

Pinhole 
Camera

Opaque

Mirror

Glass

Opaque

Opaque

Opaque
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Whitted’s recursive ray tracer

Spheres and Checkerboard 
T. Whitted, 1979 

“An improved Illumination model for shaded display” 
T. Whitted, CACM 1980 

Time: 
 - VAX 11/780 (1979) 74m 
 - PC (2006) 6s 
 - GPU (2012) 1/30s

1. Always send ray 
to the light source (unless glass or mirror) 

2. Recursively generate reflected rays (mirror) and 
transmitted rays (glass) 
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Mirror, depth 1
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Mirror, depth 2
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Mirror, depth 3
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Mirror, depth 10
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Glass, depth 1
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Glass, depth 2
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Glass, depth 3
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Glass, depth 10
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Direct illumination + reflection + transparency 
(Assuming point light source)

Image credit: Henrik Wann Jensen

Perfect mirror: Glass
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With indirect illumination from area source

Image credit: Henrik Wann Jensen
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p

Direct illumination only
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p

With indirect illumination
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Importance of indirect illumination

Image credit: Brennan Shacklett
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Importance of indirect illumination

Image credit: Brennan Shacklett



Stanford CS248A, Winter 2026

Importance of indirect illumination
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Scene breakdown: by bounce
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0 bounces (visible light sources)
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1 bounce (direct illumination)
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2 bounces
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3 bounces
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4 bounces
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8 bounces
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Energy balance: surface balance equation

Lo(p,!o) =Le(p,!o) + Lr(p,!o)

=Le(p,!o) +

Z

H2

fr(p,!i ! !o)Li(p,!i) cos ✓i d!i

[outgoing] = [emitted] + [incoming] - [absorbed] 

[reflected] = [incoming] - [absorbed] 

[outgoing] = [emitted] + [reflected]

The problem: need to know incident radiance!
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Incident radiance function
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The rendering equation

Rewrite incident radiance in terms of exitant radiance at 1st visible surface:

Lo(p,!o) = Le(p,!o) +

Z

H2

fr(p,!i ! !o)Lo(tr(p,!i),�!i) cos ✓i d!i

Light scattering Light transport

p

p0 = tr(p,!)

Radiance invariance along rays:

Li(p,!i) = Lo(tr(p,!i),�!i)

“Radiance arriving at      from direction 
is the same as radiance leaving        from direction                .” 

Li(p,!i) = Lo(tr(p,!i),�!i)
Li(p,!i) = Lo(tr(p,!i),�!i)p0 = tr(p,!)

Li(p,!i) = Lo(tr(p,!i),�!i)p0 = tr(p,!)
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The rendering equation

L(p,!o) =Le(p,!o)+Z

H2

fr(p,!i ! !o)L(tr(p,!i),�!i) cos ✓i d!i

<latexit sha1_base64="m4tTFfi5sRLcgnR3DDlIt7RCiCM="></latexit>
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The rendering equation: area form
Can rewrite rendering equation as an integral over surface area of objects in the scene 

- Apply change of variables 
- Introduce binary visibility function:

d! =
cos ✓

r2
dA

V (p $ p0)

!i �!i

= Le(p,!o) +

Z

A
fr(p, (p

0 � p) ! !o)Lo(p
0, (p� p0))G(p $ p0) dp0

p

p0

✓

✓0!o G(p $ p0) = V (p $ p0)
cos ✓ cos ✓0

|p� p0|2

Lo(p,!o) =Le(p,!o)+Z

A
fr(p, (p

0 � p) ! !o)Lo(p
0, (p� p0)) cos ✓ V (p $ p0)

cos ✓0

|p� p0|2 dp
0

<latexit sha1_base64="0fPYXlFwu1aGiDCYsodJGxMZ9AI="></latexit>
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The rendering equation as a sum over paths

Le

p

p1

p2

p3

p4

Lo(p1 ! p) =Le(p1 ! p)

+

Z

A
Le(p2 ! p1)f(p2 ! p1 ! p)G(p1 $ p2)dA(p2)

+

Z

A

Z

A
Le(p3 ! p2)f(p3 ! p2 ! p1)G(p2 $ p3)f(p2 ! p1 ! p)G(p1 $ p2)dA(p3)dA(p2)

+ · · ·

Lo(p1 ! p) =
1X

n=1

P (p̄n)

Path of length 1

Paths of length 2

Paths of length 3

Energy reaching p from all paths of length n

Path of length n (n+1 vertices)
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The rendering equation as a sum over paths

Le

p

p1

p2

p3

p4

P (p̄n) =

Z

A

Z

A

Z

A
· · ·
Z

A
Le(pn ! pn�1)

⇥
 

n�1Y

i=1

f(pi+1 ! pi ! pi�1)G(pi+1 $ pi)

!
dA(p2) · · · dA(pn)

=

Z

A

Z

A

Z

A
· · ·
Z

A
Le(pn ! pn�1)T (p̄n)dA(p2) · · · dA(pn)

<latexit sha1_base64="pvwU0nGU08W96k62u18udJHUQmE="></latexit>

Path “throughput” = fraction of light from light source 
at point pn reaching p

T (p̄n)Le
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How do we sample paths?

Lo(p,!o) = Le(p,!o) +
fr(!o,!i) cos ✓i

p(!i)
Lo(p

0,�!i)

= Le +
fr cos ✓i
p(!i)


Le(p

0,�!i) +
fr(�!i,!0

i) cos ✓
0
i

p(!0
i)

Lo(p
00,!00

i )

�

= · · ·

<latexit sha1_base64="EtttijbPudV6XY4BXhfkkt4w0ig=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcFN11WsA9sh5JJM21okhmSjFCG/oUbF4q49W/c+TdmprPQ1gOBwzn3knNPEHOmjet+O6WNza3tnfJuZW//4PCoenzS1VGiCO2QiEeqH2BNOZO0Y5jhtB8rikXAaS+Y3WV+74kqzSL5YOYx9QWeSBYygo2VHocCm6kSabwYVWtu3c2B1olXkBoUaI+qX8NxRBJBpSEcaz3w3Nj4KVaGEU4XlWGiaYzJDE/owFKJBdV+mideoAurjFEYKfukQbn6eyPFQuu5COxkllCvepn4nzdITHjrp0zGiaGSLD8KE45MhLLz0ZgpSgyfW4KJYjYrIlOsMDG2pIotwVs9eZ10G3Xvut64v6o1W0UdZTiDc7gED26gCS1oQwcISHiGV3hztPPivDsfy9GSU+ycwh84nz8YaZE4</latexit>p

<latexit sha1_base64="dYOA4Yl098idjd7uHEkkRRUsofY=">AAAB8nicbVDLSsNAFJ3UV62vqks3wSK6KkkRdVlw02UF+4A0lMl00g6dR5i5EUroZ7hxoYhbv8adf+OkzUJbDwwczrmXOfdECWcGPO/bKW1sbm3vlHcre/sHh0fV45OuUakmtEMUV7ofYUM5k7QDDDjtJ5piEXHai6b3ud97otowJR9hltBQ4LFkMSMYrBQMBIaJFllyOR9Wa17dW8BdJ35BaqhAe1j9GowUSQWVQDg2JvC9BMIMa2CE03llkBqaYDLFYxpYKrGgJswWkefuhVVGbqy0fRLchfp7I8PCmJmI7GQe0ax6ufifF6QQ34UZk0kKVJLlR3HKXVBufr87YpoS4DNLMNHMZnXJBGtMwLZUsSX4qyevk26j7t/UGw/XtWarqKOMztA5ukI+ukVN1EJt1EEEKfSMXtGbA86L8+58LEdLTrFziv7A+fwBfHKRaQ==</latexit>

p0

<latexit sha1_base64="SKE/TG/Asu5HQb766k19pc+jfKs=">AAAB83icbVBNSwMxFHxbv2r9qnr0EixST2W3iHoseOmxgq2F7lKyabYNTbJLkhXK0r/hxYMiXv0z3vw3Zts9aOtAYJh5jzeZMOFMG9f9dkobm1vbO+Xdyt7+weFR9fikp+NUEdolMY9VP8SaciZp1zDDaT9RFIuQ08dwepf7j09UaRbLBzNLaCDwWLKIEWys5PsCm4kSWVKvz4fVmttwF0DrxCtIDQp0htUvfxSTVFBpCMdaDzw3MUGGlWGE03nFTzVNMJniMR1YKrGgOsgWmefowiojFMXKPmnQQv29kWGh9UyEdjLPqFe9XPzPG6Qmug0yJpPUUEmWh6KUIxOjvAA0YooSw2eWYKKYzYrIBCtMjK2pYkvwVr+8TnrNhnfdaN5f1Vrtoo4ynME5XIIHN9CCNnSgCwQSeIZXeHNS58V5dz6WoyWn2DmFP3A+fwDgpJGa</latexit>

p00

<latexit sha1_base64="DLbg2px3XAhcWDQ9PEYHDc4+tWQ=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqswUUZcFN11WsA/oDEMmzbSheQxJRiljP8WNC0Xc+iXu/BvTdhbaeiBwOOde7smJU0a18bxvp7SxubW9U96t7O0fHB651eOulpnCpIMlk6ofI00YFaRjqGGknyqCeMxIL57czv3eA1GaSnFvpikJORoJmlCMjJUitxpITkYoCjgyY8VzOYvcmlf3FoDrxC9IDRRoR+5XMJQ440QYzJDWA99LTZgjZShmZFYJMk1ShCdoRAaWCsSJDvNF9Bk8t8oQJlLZJwxcqL83csS1nvLYTs4T6lVvLv7nDTKT3IQ5FWlmiMDLQ0nGoJFw3gMcUkWwYVNLEFbUZoV4jBTCxrZVsSX4q19eJ91G3b+qN+4ua81WUUcZnIIzcAF8cA2aoAXaoAMweATP4BW8OU/Oi/PufCxHS06xcwL+wPn8AecjlHI=</latexit>!o
<latexit sha1_base64="uBAbOemFQH3+JE0DBTr2toO7YO0=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgqswUUZcFN11WsA/oDEMmzbSheQxJRiljP8WNC0Xc+iXu/BvTdhbaeiBwOOde7smJU0a18bxvp7SxubW9U96t7O0fHB651eOulpnCpIMlk6ofI00YFaRjqGGknyqCeMxIL57czv3eA1GaSnFvpikJORoJmlCMjJUitxpITkYoCjgyY8VzOovcmlf3FoDrxC9IDRRoR+5XMJQ440QYzJDWA99LTZgjZShmZFYJMk1ShCdoRAaWCsSJDvNF9Bk8t8oQJlLZJwxcqL83csS1nvLYTs4T6lVvLv7nDTKT3IQ5FWlmiMDLQ0nGoJFw3gMcUkWwYVNLEFbUZoV4jBTCxrZVsSX4q19eJ91G3b+qN+4ua81WUUcZnIIzcAF8cA2aoAXaoAMweATP4BW8OU/Oi/PufCxHS06xcwL+wPn8Ad4FlGw=</latexit>!i

<latexit sha1_base64="IZtYqLk1Q4JY4fQfYRjFBtAzMDM=">AAAB+3icbVDLSsNAFJ3UV62vWJdugkV0VZIi6rLgpssK9gFNCJPppB06jzAzEUvIr7hxoYhbf8Sdf+OkzUJbDwwczrmXe+ZECSVKu+63VdnY3Nreqe7W9vYPDo/s43pfiVQi3EOCCjmMoMKUcNzTRFM8TCSGLKJ4EM3uCn/wiKUigj/oeYIDBiecxARBbaTQrvuC4Qm8CH0G9VSyjOSh3XCb7gLOOvFK0gAluqH95Y8FShnmGlGo1MhzEx1kUGqCKM5rfqpwAtEMTvDIUA4ZVkG2yJ4750YZO7GQ5nHtLNTfGxlkSs1ZZCaLhGrVK8T/vFGq49sgIzxJNeZoeShOqaOFUxThjInESNO5IRBJYrI6aAolRNrUVTMleKtfXif9VtO7brburxrtTllHFZyCM3AJPHAD2qADuqAHEHgCz+AVvFm59WK9Wx/L0YpV7pyAP7A+fwBCZZSd</latexit>

!0
i

<latexit sha1_base64="vcvIsOJwNETx/p4mmYlBdtpIVCg=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkXqqiRF1GXBTZcVbCs0IUymk3boPMLMRAih/oobF4q49UPc+TdO2iy09cDA4Zx7uWdOlFCitOt+W5WNza3tnepubW//4PDIPj4ZKJFKhPtIUCEfIqgwJRz3NdEUPyQSQxZRPIxmt4U/fMRSEcHvdZbggMEJJzFBUBsptOu+YHgCm83QZ1BPJcvJPLQbbstdwFknXkkaoEQvtL/8sUApw1wjCpUaeW6igxxKTRDF85qfKpxANIMTPDKUQ4ZVkC/Cz51zo4ydWEjzuHYW6u+NHDKlMhaZySKhWvUK8T9vlOr4JsgJT1KNOVoeilPqaOEUTThjIjHSNDMEIklMVgdNoYRIm75qpgRv9cvrZNBueVet9t1lo9Mt66iCU3AGLoAHrkEHdEEP9AECGXgGr+DNerJerHfrYzlascqdOvgD6/MHpt+Uzg==</latexit>

!00
i

Idea: generate random path incrementally starting at camera

Recursive expansion of estimator:
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Basic recursive path tracing

Spectrum PathLo(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d, wi; 
  Float pdf; 
  Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 

  return isect.Le(wo) +  
    fr * PathLo(Ray(isect.P, wi)) * Dot(wi, isect.N) / pdf; 
}

Note how over the entire path the indirect illumination is modulated 
by product of probabilities of individual path segments.
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Kajiya, 1986
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One sample per pixel
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32 samples per pixel
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1024 samples per pixel
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Another example:
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16 paths/pixel
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64 paths/pixel
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256 paths/pixel
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1024 paths/pixel
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4096 paths/pixel



Stanford CS248A, Winter 2026

The postcard-sized path tracer
#include <stdlib.h> // card > pixar.ppm
#include <stdio.h>
#include <math.h>
#define R return
#define O operator
typedef float F;typedef int I;struct V{F x,y,z;V(F v=0){x=y=z=v;}V(F a,F b,F
c=0){x=a;y=b;z=c;}V O+(V r){R V(x+r.x,y+r.y,z+r.z);}V O*(V r){R V(x*r.x,y*r.
y,z*r.z);}F O%(V r){R x*r.x+y*r.y+z*r.z;}V O!(){R*this*(1/sqrtf(*this%*this)
);}};F L(F l,F r){R l<r?l:r;}F U(){R(F)rand()/RAND_MAX;}F B(V p,V l,V h){l=p
+l*-1;h=h+p*-1;R-L(L(L(l.x,h.x),L(l.y,h.y)),L(l.z,h.z));}F S(V p,I&m){F d=1\
e9;V f=p;f.z=0;char l[]="5O5_5W9W5_9_COC_AOEOA_E_IOQ_I_QOUOY_Y_]OWW[WaOa_aW\
eWa_e_cWiO";for(I i=0;i<60;i+=4){V b=V(l[i]-79,l[i+1]-79)*.5,e=V(l[i+2]-79,l
[i+3]-79)*.5+b*-1,o=f+(b+e*L(-L((b+f*-1)%e/(e%e),0),1))*-1;d=L(d,o%o);}d=sq\
rtf(d);V a[]={V(-11,6),V(11,6)};for(I i=2;i--;){V o=f+a[i]*-1;d=L(d,o.x>0?f\
absf(sqrtf(o%o)-2):(o.y+=o.y>0?-2:2,sqrtf(o%o)));}d=powf(powf(d,8)+powf(p.z,
8),.125)-.5;m=1;F r=L(-L(B(p,V(-30,-.5,-30),V(30,18,30)),B(p,V(-25,17,-25),V
(25,20,25))),B(V(fmodf(fabsf(p.x),8),p.y,p.z),V(1.5,18.5,-25),V(6.5,20,25)))
;if(r<d)d=r,m=2;F s=19.9-p.y;if(s<d)d=s,m=3;R d;}I M(V o,V d,V&h,V&n){I m,s=
0;F t=0,c;for(;t<100;t+=c)if((c=S(h=o+d*t,m))<.01||++s>99)R n=!V(S(h+V(.01,0
),s)-c,S(h+V(0,.01),s)-c,S(h+V(0,0,.01),s)-c),m;R 0;}V T(V o,V d){V h,n,r,t=
1,l(!V(.6,.6,1));for(I b=3;b--;){I m=M(o,d,h,n);if(!m)break;if(m==1){d=d+n*(
n%d*-2);o=h+d*.1;t=t*.2;}if(m==2){F i=n%l,p=6.283185*U(),c=U(),s=sqrtf(1-c),
g=n.z<0?-1:1,u=-1/(g+n.z),v=n.x*n.y*u;d=V(v,g+n.y*n.y*u,-n.y)*(cosf(p)*s)+V(
1+g*n.x*n.x*u,g*v,-g*n.x)*(sinf(p)*s)+n*sqrtf(c);o=h+d*.1;t=t*.2;if(i>0&&M(h
+n*.1,l,h,n)==3)r=r+t*V(500,400,100)*i;}if(m==3){r=r+t*V(50,80,100);break;}}
R r;}I main(){I w=960,h=540,s=16;V e(-22,5,25),g=!(V(-3,4,0)+e*-1),l=!V(g.z,
0,-g.x)*(1./w),u(g.y*l.z-g.z*l.y,g.z*l.x-g.x*l.z,g.x*l.y-g.y*l.x);printf("P\
6 %d %d 255 ",w,h);for(I y=h;y--;)for(I x=w;x--;){V c;for(I p=s;p--;)c=c+T(e
,!(g+l*(x-w/2+U())+u*(y-h/2+U())));c=c*(1./s)+14./241;V o=c+1;c=V(c.x/o.x,c.
y/o.y,c.z/o.z)*255;printf("%c%c%c",(I)c.x,(I)c.y,(I)c.z);}}// Andrew Kensler

[Decyphering the postcard sized path tracer, Fabien Sanglard]

[Andrew Kensler]
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Partitioning the rendering equation

Incident direct illumination: 
- Sample lights+BRDFs 
Incident indirect illumination: 
- Recursive evaluation of rendering eqn.

Lo(p,!o) =Le(p,!o)+Z

H2

fr(!i ! !o)Li,d(p,!i) cos ✓i d!i+
Z

H2

fr(!i ! !o)Li,i(p,!i) cos ✓i d!i

Li,d(p,!i)

Li,i(p,!i)

Li(p,!i) = Li,d(p,!i) + Li,i(p,!i)
<latexit sha1_base64="F9Fxq893+ur50n1E/CibS0wQCxo=">AAACQnicdZDLSsNAFIYn9VbrLerSzWARKpaSVEE3QsFNF11UsBdpQphMp+3QmSTMTIQS+mxufAJ3PoAbF4q4deG0zUJbe2Dg5//O4Zz5/YhRqSzrxcisrK6tb2Q3c1vbO7t75v5BU4axwKSBQxaKto8kYTQgDUUVI+1IEMR9Rlr+8GbCWw9ESBoGd2oUEZejfkB7FCOlLc+8r3m04HCkBoIn0bgInZCTPvLoKbyGNS+hxe54CT+bcbqEe2beKlnTgovCTkUepFX3zGenG+KYk0BhhqTs2Fak3AQJRTEj45wTSxIhPER90tEyQJxIN5lGMIYn2unCXij0CxScur8nEsSlHHFfd06OlfNsYv7HOrHqXbkJDaJYkQDPFvViBlUIJ3nCLhUEKzbSAmFB9a0QD5BAWOnUczoEe/7Li6JZLtnnpfLtRb5STePIgiNwDArABpegAqqgDhoAg0fwCt7Bh/FkvBmfxtesNWOkM4fgTxnfP6j7r60=</latexit>
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Path tracing

p1

p2

Le
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Path tracing: sampling indirect illumination

Sample incoming direction from some distribution (e.g. proportional to BRDF): 
Recursively call path tracing function to compute incident indirect radiance 
Estimator:

Z

H2

fr(!i ! !o)Li,i(p,!i) cos ✓i d!i

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

!i ⇠ p(!)

fr(!i ! !o)Li,i(p,!i) cos ✓i
p(!i)
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Path tracing: recursive

Spectrum PathLo(Ray ray) { 
  Intersection isect = scene->Intersect(ray); 
  BSDF bsdf = isect.GetBSDF(); 
  Vector3f wo = -ray.d; 

  Spectrum Ld = ReflFromDirectLighting(bsdf, wo); 

  Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
  return (ray.depth == 0 ? isect.Le(wo) : 0.) + Ld +  
    fr * PathLo(Ray(isect.P, wi, ray.depth+1)) * Dot(wi, isect.N) / pdf; 
}

Lo(p,!o) =Le(p,!o)+Z

H2

fr(!i ! !o)Li,d(p,!i) cos ✓i d!i+
Z

H2

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i d!i

Reflectance due to incident 
direct lighting

Reflectance due to incident 
indirect lighting
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Path contribution

Le
p1

p2

p4

p3

!o,2 !i,2

�(p̄) =
Y

j

fr(pj ,!o,j ,!i,j) cos ✓i,j
p(!i,j)

Li =
X

�(p̄)Le
<latexit sha1_base64="oY0beJ530hTHH2vTu85z6eYca+w=">AAACD3icbVA9SwNBEN3zM8avqKXNYlBiE+6ioI0QsEmRIoL5gNxx7G0myZLdu2N3TwhH/oGNf8XGQhFbWzv/jZvkCk18MPB4b4aZeUHMmdK2/W2trK6tb2zmtvLbO7t7+4WDw5aKEkmhSSMeyU5AFHAWQlMzzaETSyAi4NAORrdTv/0AUrEovNfjGDxBBiHrM0q0kfzCWd1n+Aa7KhHYDUCTkhsQmbqC6KEUaTyZnOO6D36haJftGfAycTJSRBkafuHL7UU0ERBqyolSXceOtZcSqRnlMMm7iYKY0BEZQNfQkAhQXjr7Z4JPjdLD/UiaCjWeqb8nUiKUGovAdE7vVIveVPzP6ya6f+2lLIwTDSGdL+onHOsIT8PBPSaBaj42hFDJzK2YDokkVJsI8yYEZ/HlZdKqlJ2LcuXuslitZXHk0DE6QSXkoCtURTXUQE1E0SN6Rq/ozXqyXqx362PeumJlM0foD6zPH72fm+I=</latexit>
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Path tracing: iterative version
Spectrum PathLo(Ray ray) { 
  Spectrum Lo = 0, beta = 1; 
  int depth = 0; 
  while (true) { 
    Intersection isect = scene->Intersect(ray); 
    Vector3f wo = -ray.d; 
    if (depth == 0) Lo += isect.Le(wo); 
    BSDF brdf = isect.GetBSDF(); 

    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
    beta *= fr * Dot(wi, isect.N) / pdf; 
    depth++; 
    ray = Ray(isect.P, wi);  
  } 
  return Lo; 
}

What’s the problem with this implementation?
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Russian Roulette
Define path termination probability 

Randomly terminate path based on      ; 
-    for surviving paths, scale contribution by 

Russian roulette gives expectation:

q
<latexit sha1_base64="wkYhw2NCz7f0LEjKyYas2tTwehA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVyXqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AN65jP8=</latexit>

q
<latexit sha1_base64="wkYhw2NCz7f0LEjKyYas2tTwehA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI8kXjhCIo8ENmR26IWR2dl1ZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSzvzSRBP6JDyUPOqLFS47FfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtCpl76pcaVyXqrUsjjycwTlcggc3UIUa1KEJDBCe4RXenAfnxXl3PpatOSebOYU/cD5/AN65jP8=</latexit>

(1� q)E


X

1� q

�
+ qE[0] = E[X]

<latexit sha1_base64="zIu7qQ0F2lF540t8CNgupkbpnik="></latexit>

1

1� q
<latexit sha1_base64="m6vKxDKnG18eF/uHGgwk+c20Ioc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4sexWQY8FLz1WsB/QLiWbZtvQbLJNsoWy7O/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz329nY3Nre2S3sFfcPDo+OSyenLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1g/DD321OqNJPiycxi6kd4KFjICDZW8nuhwiT1stS7nmT9UtmtuAugdeLlpAw5Gv3SV28gSRJRYQjHWnc9NzZ+ipVhhNOs2Es0jTEZ4yHtWipwRLWfLo7O0KVVBiiUypYwaKH+nkhxpPUsCmxnhM1Ir3pz8T+vm5jw3k+ZiBNDBVkuChOOjETzBNCAKUoMn1mCiWL2VkRG2OZgbE5FG4K3+vI6aVUr3k2l+nhbrtXzOApwDhdwBR7cQQ3q0IAmEJjAM7zCmzN1Xpx352PZuuHkM2fwB87nD3y1ke4=</latexit>
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Russian Roulette
Spectrum PathLo(Ray ray) { 

  Spectrum Lo = 0, beta = 1; 

  int depth = 0; 

  while (true) { 

    Intersection isect = scene->Intersect(ray); 

    Vector3f wo = -ray.d; 

    if (depth == 0) Lo += isect.Le(wo); 

    BSDF bsdf = isect.GetBSDF(); 

    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 

    beta *= fr * Dot(wi, isect.N) / pdf; 

    float q = 0.25; 

    if (UniformFloat() < q) break; 

    else beta /= (1-q); 

    depth++; 

    ray = Ray(isect.P, wi); 

  } 

  return Lo; 

}

P(choosing ωi |not_terminating) P(not terminating)

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

Recall the estimator:
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Improving Russian Roulette
Recurring principle: It’s best to avoid spending computation on samples that make a small contribution 

How do you know a sample will make a small contribution before you evaluate it? 

Recall: 

               is a reasonable proxy for expected contribution

Li = �(p̄)Le

�(p̄)
<latexit sha1_base64="AtVD2i0jX/i3050vQAaFHUy6fPo=">AAACAHicbVBNS8NAEN34WetX1IMHL4tFqJeSVEGPBS89VrAf0IQy2W7bpbtJ2N0IJeTiX/HiQRGv/gxv/hs3bQ7a+mDg8d4MM/OCmDOlHefbWlvf2NzaLu2Ud/f2Dw7to+OOihJJaJtEPJK9ABTlLKRtzTSnvVhSEAGn3WB6l/vdRyoVi8IHPYupL2AcshEjoI00sE+9gGqoegHI1BOgJ1KkcZZdDuyKU3PmwKvELUgFFWgN7C9vGJFE0FATDkr1XSfWfgpSM8JpVvYSRWMgUxjTvqEhCKr8dP5Ahi+MMsSjSJoKNZ6rvydSEErNRGA68xvVspeL/3n9RI9u/ZSFcaJpSBaLRgnHOsJ5GnjIJCWazwwBIpm5FZMJSCDaZFY2IbjLL6+STr3mXtXq99eVRrOIo4TO0DmqIhfdoAZqohZqI4Iy9Ixe0Zv1ZL1Y79bHonXNKmZO0B9Ynz8Pb5a6</latexit>
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Russian Roulette: better
Spectrum PathLo(Ray ray) { 
  Spectrum Lo = 0, beta = 1; 
  int depth=0; 
  while (true) { 
    Intersection isect = scene->Intersect(ray); 
    Vector3f wo = -ray.d; 
    if (depth == 0) Lo += isect.Le(wo); 

    BSDF bsdf = isect.GetBSDF(); 
    Lo += beta * ReflFromDirectLighting(bsdf, wo); 

    Spectrum fr = bsdf.Sample_f(wo, &wi, &pdf); 
    beta *= fr * Dot(wi, isect.N) / pdf; 

    Float q = 1 - beta.MaxComponentValue(); 
    if (UniformFloat() < q) break; 
    beta /= 1 - q; 
    depth++; 

    ray = Ray(isect.P, wi); 

  } 
  return Lo; 
}

High path throughput yields low 
termination probability
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Terminate 90%: 2.5 seconds 
MSE 0.0124, MC Efficiency 32.90

E�ciency / 1

Variance⇥ Cost
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Terminate proportional to path contribution: 2.9 seconds 
MSE 0.00413, MC Efficiency 84.76

E�ciency / 1

Variance⇥ Cost
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No Russian Roulette: 3.9 seconds 
MSE 0.00379, MC Efficiency 67.4

E�ciency / 1

Variance⇥ Cost
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Advanced topic: path guiding
Recall the MC estimator: 

Regular path tracing: sample 
(or something similar to it) 

But: really want to sample 

Idea: learn the distribution of light in the scene to guide sampling

fr(!i ! !o)Lo(tr(p,!i),�!i) cos ✓i
p(!i)

wi ⇠ fr(!i ! !o)
<latexit sha1_base64="c6weLY1vkLOZeJ6bWNYMQmBs9SY=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaHMVEGXRTcuK9gLtGXIpJlpaC5DkrGUoQ/hxldx40IRty7c+Tam7Sy09YfAz3fO4eT8QcyoNq777eRWVtfWN/Kbha3tnd294v5BU8tEYdLAkknVDpAmjArSMNQw0o4VQTxgpBUMb6b11gNRmkpxb8Yx6XEUCRpSjIxFfvFs5FPY1ZTD0FflruQkQlOiaDQwSCk5ghmUp36x5FbcmeCy8TJTApnqfvGr25c44UQYzJDWHc+NTS9FylDMyKTQTTSJER6iiHSsFYgT3UtnR03giSV9GEplnzBwRn9PpIhrPeaB7eTIDPRibQr/q3USE171UirixBCB54vChEEj4TQh2KeKYMPG1iCsqP0rxAOkEDY2x4INwVs8edk0qxXvvFK9uyjVrrM48uAIHIMy8MAlqIFbUAcNgMEjeAav4M15cl6cd+dj3ppzsplD8EfO5w836p5O</latexit>

/ fr Lo cos ✓
<latexit sha1_base64="kCPogDgTvGxZdXG5FvMek+tqBhU=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExoCopSDBWsDAwFIk+pKaKHNdprTpxZN8gVVVnFn6FhQGEWPkCNv4Gp80ALUeyfHTOvbLPCRLBNTjOt1VYWl5ZXSuulzY2t7Z37N29ppapoqxBpZCqHRDNBI9ZAzgI1k4UI1EgWCsYXmd+64EpzWV8D6OEdSPSj3nIKQEj+fahlyiZgMShr7B3im99mV0elRp7MGBAfLvsVJwp8CJxc1JGOeq+/eX1JE0jFgMVROuO6yTQHRMFnAo2KXmpZgmhQ9JnHUNjEjHdHU+jTPCxUXo4lMqcGPBU/b0xJpHWoygwkxGBgZ73MvE/r5NCeNkd8zhJgcV09lCYCmyiZ73gHleMghgZQqji5q+YDogiFEx7JVOCOx95kTSrFfesUr07L9eu8jqK6AAdoRPkogtUQzeojhqIokf0jF7Rm/VkvVjv1sdstGDlO/voD6zPH/z5mS0=</latexit>
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Advanced topic: 
path guiding

Baseline PPG Neural

[Müller et al. 2018]

Use results from prior paths to 
influence choice of future paths.
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Recent work: caching/reusing good paths 

High sample count path 
traced “ground truth”

Path traced: 1 path/pixel (8 ms/frame) Path traced: 1 path/pixel using ReSTIR GI (8.9 ms/frame)

Key idea: cache good paths, reuse good 
paths found from from prior frames or 
for prior pixels in same frame 

[Ouyang et al. 2021]
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Path tracing summary
Path tracing: sample paths through scene (from the domain of all possible paths) 
- Unbiased estimator of solution to the full rendering equation (provided paths are correctly weighted by 

their probabilities… incorrect PDFs are a common source of bugs) 

Simple, elegant, brute force! ;-) 

Efficiency comes from intelligent biasing of paths toward the most “important” paths. 
- But that’s a topic for a more advanced rendering course! 

Next time: modern techniques (and hacks!) for real-time performance
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(Only if time) 
Now that you have property understanding of path tracing, 

we can talk about volume rendering with more rigor  
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Volumetric effects
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Absorption in a volume (we saw this before)

                    radiance along a ray from p in direction ω 
Absorption cross section at point in space: 
- Probability of being absorbed per unit length 
- Units: 1/distance

L(p,!) L+ dL
�a(p)

�a(p)

dL(p,!) = ��a(p)L(p,!) ds

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds

p = (x, y, z)

<latexit sha1_base64="GyeBDh+davkHb3nDbIR6GvqB2iI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREKroRim5cVrAPaEOZTCft0JkkzEykMeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c9yQUaks69sorK1vbG4Vt0s7u3v7B+ZhuSODSGDSxgELRM9FkjDqk7aiipFeKAjiLiNdd3qb+d1HIiQN/AcVh8ThaOxTj2KktDQ0ywOO1ETwJEyvq7NaXHs6G5oVq27NAVeJnZMKyNEaml+DUYAjTnyFGZKyb1uhchIkFMWMpKVBJEmI8BSNSV9TH3EinWSePYWnWhlBLxD6+QrO1d8bCeJSxtzVk1lSuexl4n9eP1LelZNQP4wU8fHikBcxqAKYFQFHVBCsWKwJwoLqrBBPkEBY6bpKugR7+curpHNetxv1i/tGpXmT11EEx+AEVIENLkET3IEWaAMMZuAZvII3IzVejHfjYzFaMPKdI/AHxucPZDqUBQ==</latexit>

! = (�, ✓)

<latexit sha1_base64="8kg+hUG4P4ZaXiSuX4wwrtKsvCg=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCBAkzEtGLEPTiMYJZIDOEnk5N0qRnobtGCEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1fMTKTTa9peVW1peWV3Lrxc2Nre2d4q7e00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyhzcTv/UASos4usdRAl7I+pEIBGdopG7xwI1D6LOrspsMxCl1cQDITrrFkl2xp6B/iTMnJTJHvVv8dHsxT0OIkEumdcexE/QyplBwCeOCm2pIGB+yPnQMjVgI2sum54/psVF6NIiVqQjpVP05kbFQ61Hom86Q4UAvehPxP6+TYnDpZSJKUoSIzxYFqaQY00kWtCcUcJQjQxhXwtxK+YApxtEkVjAhOIsv/yXNs4pTrZzfVUu163kceXJIjkiZOOSC1MgtqZMG4SQjT+SFvFqP1rP1Zr3PWnPWfGaf/IL18Q3spJTT</latexit>

L(p,!)

<latexit sha1_base64="pijO9OP4J8nL6P5pFk6auVFnTN8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpREKrosunHhooJ9QBPKZDpph84jzEyEGoq/4saFIm79D3f+jZM2C209MHA4517umRPGlCjtut9WYWl5ZXWtuF7a2Nza3rF391pKJBLhJhJUyE4IFaaE46YmmuJOLDFkIcXtcHSd+e0HLBUR/F6PYxwwOOAkIghqI/Xsg9uKz6AeSpbGk1NfMDyAJz277FbdKZxF4uWkDHI0evaX3xcoYZhrRKFSXc+NdZBCqQmieFLyE4VjiEZwgLuGcsiwCtJp+olzbJS+EwlpHtfOVP29kUKm1JiFZjJLqua9TPzP6yY6ugxSwuNEY45mh6KEOlo4WRVOn0iMNB0bApEkJquDhlBCpE1hJVOCN//lRdI6q3q16vldrVy/yusogkNwBCrAAxegDm5AAzQBAo/gGbyCN+vJerHerY/ZaMHKd/bBH1ifPwfFlPY=</latexit>

dL(p,!)

ds
= ��a(p)L(p,!)

<latexit sha1_base64="80aALtSC36IgtUA51ZPLtmit9WU="></latexit>
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Absorption in a volume

L(p,!) L+ dL
�a(p)

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds

p = (x, y, z)

<latexit sha1_base64="GyeBDh+davkHb3nDbIR6GvqB2iI=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQoZREKroRim5cVrAPaEOZTCft0JkkzEykMeRX3LhQxK0/4s6/cdJmoa0HBg7n3Ms9c9yQUaks69sorK1vbG4Vt0s7u3v7B+ZhuSODSGDSxgELRM9FkjDqk7aiipFeKAjiLiNdd3qb+d1HIiQN/AcVh8ThaOxTj2KktDQ0ywOO1ETwJEyvq7NaXHs6G5oVq27NAVeJnZMKyNEaml+DUYAjTnyFGZKyb1uhchIkFMWMpKVBJEmI8BSNSV9TH3EinWSePYWnWhlBLxD6+QrO1d8bCeJSxtzVk1lSuexl4n9eP1LelZNQP4wU8fHikBcxqAKYFQFHVBCsWKwJwoLqrBBPkEBY6bpKugR7+curpHNetxv1i/tGpXmT11EEx+AEVIENLkET3IEWaAMMZuAZvII3IzVejHfjYzFaMPKdI/AHxucPZDqUBQ==</latexit>

! = (�, ✓)

<latexit sha1_base64="8kg+hUG4P4ZaXiSuX4wwrtKsvCg=">AAAB/nicbVDJSgNBEO2JW4xbVDx5aQxCBAkzEtGLEPTiMYJZIDOEnk5N0qRnobtGCEPAX/HiQRGvfoc3/8bOctDog4LHe1VU1fMTKTTa9peVW1peWV3Lrxc2Nre2d4q7e00dp4pDg8cyVm2faZAiggYKlNBOFLDQl9DyhzcTv/UASos4usdRAl7I+pEIBGdopG7xwI1D6LOrspsMxCl1cQDITrrFkl2xp6B/iTMnJTJHvVv8dHsxT0OIkEumdcexE/QyplBwCeOCm2pIGB+yPnQMjVgI2sum54/psVF6NIiVqQjpVP05kbFQ61Hom86Q4UAvehPxP6+TYnDpZSJKUoSIzxYFqaQY00kWtCcUcJQjQxhXwtxK+YApxtEkVjAhOIsv/yXNs4pTrZzfVUu163kceXJIjkiZOOSC1MgtqZMG4SQjT+SFvFqP1rP1Zr3PWnPWfGaf/IL18Q3spJTT</latexit>

dL(p,!)

L(p,!)
= ��a(p)ds

<latexit sha1_base64="qLSUEVm6xBRMZlO40+WKrHM4Oqk="></latexit>

Transmittance: 
<latexit sha1_base64="cMCmOiTcZo4fF51uF0hA/E9j8Lo="></latexit>

T (s) = e�
R s
0 �a(p+s0!,!) ds0

L(p + s!,!) = e�
R s
0 �a(p+s0!) ds0L(p,!) = T (s)L(p,!)

<latexit sha1_base64="/PNflPOdopdW4g0gTGx3VNnDPCs="></latexit>
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Absorption: lower density

Credit: Walt Disney Animation Studios
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Absorption: higher density

Credit: Walt Disney Animation Studios
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Out scattering

�s

L(p,!) L+ dL

ds

�s(p)

dL(p,!) = ��s(p)L(p,!) ds

Scattering cross section at point in space: 
- Probability of being scattered per unit length 
- Units: 1/distance
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Absorption and out scattering diminish radiance

�t = �a + �s

Total cross section:

dL(p,!) = ��t(p)L(p,!) ds

⌧(s) =

Z s

0
�t(p + s0!) ds0

<latexit sha1_base64="2sSM7jq4Vjv1EEnGktSp5G8vCtU="></latexit>

T (s) = e�
R s
0 �t(p+s0!) ds0 = e�⌧(s)

<latexit sha1_base64="RrcR5xD3xljJQR5DOEamJQBRRNk="></latexit>

Where total transmittance is:

“Optical distance” (from absorption and scattering)

L(p + s!,!) = T (s)L(p,!)

<latexit sha1_base64="dWfxX7oFcpdpybcjOkUs38RwbTg=">AAACKnicbVDLSgMxFM34rONr1KWbYBFaLGVGKroRqm5cuKjQF3SGkknTNjSZGZKMUIZ+jxt/xU0XSnHrh5i2g9TWCyGHc87l3nv8iFGpbHtirK1vbG5tZ3bM3b39g0Pr6Lguw1hgUsMhC0XTR5IwGpCaooqRZiQI4j4jDX/wMNUbL0RIGgZVNYyIx1EvoF2KkdJU27ozn3IuR6oveBKN4AWU0A056aFC+ufhLazmZB66Bbho/dXbVtYu2rOCq8BJQRakVWlbY7cT4piTQGGGpGw5dqS8BAlFMSMj040liRAeoB5paRggTqSXzE4dwXPNdGA3FPoFCs7YxY4EcSmH3NfO6apyWZuS/2mtWHVvvIQGUaxIgOeDujGDKoTT3GCHCoIVG2qAsKB6V4j7SCCsdLqmDsFZPnkV1C+LTql49VzKlu/TODLgFJyBHHDANSiDR1ABNYDBK3gHH+DTeDPGxsT4mlvXjLTnBPwp4/sHaaOkPQ==</latexit>
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Ray marching to compute transmittance (you know well!)
Step through volume in small steps

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

r(t) = o+ t!

<latexit sha1_base64="cMwn0bqImWG/ylQ/hlEPaBXI3M8=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUxDIjFd0IRTcuK9gHtKVk0kwbmpkMyR2hDPMVbvwVNy4UcSvu/BszfYC2Hgice8695N7jhoJrsO1vK7O0vLK6ll3PbWxube/kd/fqWkaKshqVQqqmSzQTPGA14CBYM1SM+K5gDXd4k/qNB6Y0l8E9jELW8Uk/4B6nBIzUzZ+2fQID14tVUoRjfIVntUzwCYZZ1ZY+65Okmy/YJXsMvEicKSmgKard/Fe7J2nkswCoIFq3HDuETkwUcCpYkmtHmoWEDkmftQwNiM90Jx6fleAjo/SwJ5V5AeCx+nsiJr7WI981nemaet5Lxf+8VgTeZSfmQRgBC+jkIy8SGCROM8I9rhgFMTKEUMXNrpgOiCIUTJI5E4Izf/IiqZ+VnHLp/K5cqFxP48iiA3SIishBF6iCblEV1RBFj+gZvaI368l6sd6tj0lrxprO7KM/sD5/AM+bny4=</latexit>

Given “camera ray” from point o in direction w….

And volume with density

Estimate optical thickness as:

pi = o+
i+ 0.5

N
!

<latexit sha1_base64="O5jEs+AE3Vg/Wf72PPignRPOJeQ=">AAACG3icbVDLSgMxFM34rPVVdekmWAShUGZKi26EohtXUsE+oDOUTJppQ5PJkGSEMsx/uPFX3LhQxJXgwr8xnc5CWw8ETs65l3vv8SNGlbbtb2tldW19Y7OwVdze2d3bLx0cdpSIJSZtLJiQPR8pwmhI2ppqRnqRJIj7jHT9yfXM7z4QqagI7/U0Ih5Ho5AGFCNtpEGp5nKkx5InUTqg8BJmXz9IRAor0A0kwgmt2NVGmtym0BWcjNCgVLardga4TJyclEGO1qD06Q4FjjkJNWZIqb5jR9pLkNQUM5IW3ViRCOEJGpG+oSHiRHlJdlsKT40yhIGQ5oUaZurvjgRxpabcN5Wz1dWiNxP/8/qxDi68hIZRrEmI54OCmEEt4CwoOKSSYM2mhiAsqdkV4jEygWgTZ9GE4CyevEw6tapTrzbu6uXmVR5HARyDE3AGHHAOmuAGtEAbYPAInsEreLOerBfr3fqYl65Yec8R+APr6wf1gaC7</latexit>

⌧(s) ⇡ s

N

NX

i

�t(pi)

<latexit sha1_base64="OuBeoeGOvOs0cHUBtYQ4vsM6qOk="></latexit>

r(t)

⌧(s) =

Z s

0
�t(p + s0!) ds0

<latexit sha1_base64="2sSM7jq4Vjv1EEnGktSp5G8vCtU="></latexit>

Trying to approximate this integral

To compute:

T (s) = e�⌧(s)



Phase function: 

Energy conservation:

Stanford CS248A, Winter 2025

In scattering
Light going in other directions also scatters into the direction ω 
In scattering increases radiance along ω 

S(p,!) = �s(p)

Z

S2

p(!0 ! !)L(p,!0) d!0

ds

<latexit sha1_base64="tk8qJLhIj57C8ueMlbn7KHM6dzY=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXVZdOOygr1AE8JkOm2HzkzCzEQoISs3voobF4q49Rnc+TZO2gja+sPAx3/OYc75w5hRpR3ny1paXlldWy9tlDe3tnd27b39tooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Dqvd+6JVDQSd3oSE5+joaADipE2VmAfeYoOOQo8jvRI8lRl1R+Ms9PArjg1Zyq4CG4BFVCoGdifXj/CCSdCY4aU6rlOrP0USU0xI1nZSxSJER6jIekZFIgT5afTMzJ4Ypw+HETSPKHh1P09kSKu1ISHpjNfUc3XcvO/Wi/Rg0s/pSJONBF49tEgYVBHMM8E9qkkWLOJAYQlNbtCPEISYW2SK5sQ3PmTF6Fdr7nntfrtWaVxVcRRAofgGFSBCy5AA9yAJmgBDB7AE3gBr9aj9Wy9We+z1iWrmDkAf2R9fAMj+pmO</latexit>

�s(p)
L(p,!) L+ dL

Z

S2

p(!0 ! !) d!0 = 1

p(!0 ! !)
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Phase Functions
Phase angle 

Phase functions 
- Isotropic: 

- Rayleigh: 

- Mie:

cos ✓ = ! · !0

p(cos ✓) =
1

4⇡

p(cos ✓) =
3

4
(1 + cos2 ✓)

<latexit sha1_base64="q/laJH5gkD4GPalR9oE/j98JO/M=">AAACF3icbVDJSgNBEO1xjXEb9eilMQgRIcwkAb0IQS8eI5gFMmPo6fQkTXoWumuEMMxfePFXvHhQxKve/Bs7i6CJDwoe71VRVc+LBVdgWV/G0vLK6tp6biO/ubW9s2vu7TdVlEjKGjQSkWx7RDHBQ9YADoK1Y8lI4AnW8oZXY791z6TiUXgLo5i5AemH3OeUgJa6ZikuOjRS2IEBA3Jy4fiS0LSSpdUMF218isfuXfnH 75oFq2RNgBeJPSMFNEO9a346vYgmAQuBCqJUx7ZicFMigVPBsryTKBYTOiR91tE0JAFTbjr5K8PHWulhP5K6QsAT9fdESgKlRoGnOwMCAzXvjcX/vE4C/rmb8jBOgIV0ushPBIYIj0PCPS4ZBTHShFDJ9a2YDohOBnSUeR2CPf/yImmWS3alVL6pFmqXszhy6BAdoSKy0RmqoWtURw1E0QN6Qi/o1Xg0no03433aumTMZg7QHxgf38loncs=</latexit>

with

[Philip Laven]

�s /
1

�4
<latexit sha1_base64="5H0De0IUmbcPAEKbbJHDek9xLAg=">AAACDXicbVA7T8MwGHTKq5RXgJHFoiAxVUmpBGMFC2OR6ENqQuQ4TmvViS3bQaqi/gEW/goLAwixsrPxb3DbDNBykqXT3ffZvgsFo0o7zrdVWlldW98ob1a2tnd29+z9g47imcSkjTnjshciRRhNSVtTzUhPSIKSkJFuOLqe+t0HIhXl6Z0eC+InaJDSmGKkjRTYJ56igwQFCnpCcqE59GKJcO5Oco+ZayJ035gEdtWpOTPAZeIWpAoKtAL7y4s4zhKSasyQUn3XEdrPkdQUMzKpeJkiAuERGpC+oSlKiPLzWZoJPDVKBGMuzUk1nKm/N3KUKDVOQjOZID1Ui95U/M/rZzq+9HOaikyTFM8fijMGTehpNTCikmDNxoYgLKn5K8RDZNrQpsCKKcFdjLxMOvWae16r3zaqzauijjI4AsfgDLjgAjTBDWiBNsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHw6Ob/g==</latexit>

Note: probability of scattering is 
function of wavelength
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Rayleigh Scattering: Blue Sky, Red Sunset

From Greenler: Rainbows, Halos, and Glories

Wavelength dependent scattering
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Henyey-Greenstein Phase Function
Empirical phase function 

Average phase angle g:

p(cos ✓) =
1

4⇡

1� g2

(1 + g2 � 2g cos ✓)3/2

g = 2⇡

Z 2⇡

0
p(cos ✓) cos ✓ sin ✓ d✓

g = �0.3 g = 0 g = 0.6
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More Backward 
Scattering

More Forward 
Scattering

Light source
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Direct illumination in a volume
Can treat like direct illumination on a surface 
e.g., sample light sources (or from phase function’s distribution)

Sd(p
0,!) = �s(p

0)

Z

S2

p(!0 ! !)Ld(p
0,!0) d!0

<latexit sha1_base64="6d3c30AxGRlsvLnz/i5LsM/vYOs="></latexit>

!0

<latexit sha1_base64="xG5kzAWxqhf6F4F5S+d/dq+70LM=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPoKexKRI9BLx4jmAckS5id9CZD5rHMzAphyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fhu5refQBum5KOdJBAKMpQsZpRYJ7V7SsCQnPfLFb/qz4FXSZCTCsrR6Je/egNFUwHSUk6M6QZ+YsOMaMsoh2mplxpICB2TIXQdlUSACbP5uVN85pQBjpV2JS2eq78nMiKMmYjIdQpiR2bZm4n/ed3UxjdhxmSSWpB0sShOObYKz37HA6aBWj5xhFDN3K2Yjogm1LqESi6EYPnlVdK6rAa16tVDrVK/zeMoohN0ii5QgK5RHd2jBmoiisboGb2iNy/xXrx372PRWvDymWP0B97nD/U4j1Q=</latexit>

!

<latexit sha1_base64="amRWnBX673DWeoMIa72Gd54pRsI=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKRI9BLx4jmAckS5id9CZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNoUkVV7oTEQOcSWhaZjl0Eg1ERBza0fh25refQBum5IOdJBAKMpQsZpRYJ7V6SsCQ9MsVv+rPgVdJkJMKytHol796A0VTAdJSTozpBn5iw4xoyyiHaamXGkgIHZMhdB2VRIAJs/m1U3zmlAGOlXYlLZ6rvycyIoyZiMh1CmJHZtmbif953dTG12HGZJJakHSxKE45tgrPXscDpoFaPnGEUM3crZiOiCbUuoBKLoRg+eVV0rqoBrXq5X2tUr/J4yiiE3SKzlGArlAd3aEGaiKKHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPksmPIw==</latexit>

But computing direct lighting is now much more  
expensive 
Why? (Hint: requires more than a shadow ray)
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Single scattering
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Multiple scattering (not discussed today)
Appearance of a volume is not just due to a single scattering event (light directly from a light source scattering in 
the direction of eye) 
Light scatters many times in the volume before existing in the direction of the eye, so need to account for all these 
light paths 
Advanced rendering topic: Monte Carlo estimate of multiple scattering events (“volume rendering equation”)

Single scattering Multiple scattering
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Your assignment 2 “volume renderer” assumes that lighting is “baked into” 
the volume representation. You are not simulating illumination of a volume.   

Credit: Taubmann et al. , Siemens Healthineers 

Volume rendered CT scan Volume rendered scene 
(Mildenhall et al.)

�(p)

<latexit sha1_base64="pxcJWXi5tbrsuRnU3gqSlICpwzk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUmkosuiG5cV7AOaUCbTSTt0JgkzE7GE/oobF4q49Ufc+TdO2iy09cDA4Zx7uWdOkHCmtON8W2vrG5tb26Wd8u7e/sGhfVTpqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeY3OZ+95FKxeLoQU8T6gs8iljICNZGGtgVT7GRwDVPYD2WIktm5wO76tSdOdAqcQtShQKtgf3lDWOSChppwrFSfddJtJ9hqRnhdFb2UkUTTCZ4RPuGRlhQ5Wfz7DN0ZpQhCmNpXqTRXP29kWGh1FQEZjKPqJa9XPzP66c6vPYzFiWpphFZHApTjnSM8iLQkElKNJ8agolkJisiYywx0aausinBXf7yKulc1N1G/fK+UW3eFHWU4AROoQYuXEET7qAFbSDwBM/wCm/WzHqx3q2PxeiaVewcwx9Ynz8IZJRy</latexit>

Volume density and “color” at all points in space.

c(p,!) = c(x, y, z,�, ✓)

<latexit sha1_base64="j/5vIbUDxLPXyWQTYj4RaG/FI0g=">AAACE3icbVA9SwNBEN2LXzF+RS1tFoMQ5Qh3EtFGCNpYKhgVciHsbSbJkt27Y3dOjEf+g41/xcZCEVsbO/+Nm5jCrwcDj/dmmJkXJlIY9LwPJzc1PTM7l58vLCwuLa8UV9cuTJxqDnUey1hfhcyAFBHUUaCEq0QDU6GEy7B/PPIvr0EbEUfnOEigqVg3Eh3BGVqpVdzh5UAx7GmVJUM3iBV02fYhL9+4A/fWDZKecGmAPUC23SqWvIo3Bv1L/AkpkQlOW8X3oB3zVEGEXDJjGr6XYDNjGgWXMCwEqYGE8T7rQsPSiCkwzWz805BuWaVNO7G2FSEdq98nMqaMGajQdo7uN7+9kfif10ixc9DMRJSkCBH/WtRJJcWYjgKibaGBoxxYwrgW9lbKe0wzjjbGgg3B//3yX3KxW/Grlb2zaql2NIkjTzbIJikTn+yTGjkhp6ROOLkjD+SJPDv3zqPz4rx+teacycw6+QHn7RNGRZ0k</latexit>

The reflectance off surface 
at point p in direction ω


