
Computer Graphics: Rendering, Geometry, and Image Manipulation 
Stanford CS248A, Winter 2026

Lecture 3:

Coordinate Spaces and 
Transformations
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Review: 
Summarizing what we learned last time
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Sampling = taking measurements of a signal

x1x0 x2 x3 x4

f(x0) f(x1) f(x2) f(x3)

f(x4)

f (x)
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Sampling: taking measurements of a signal

x1x0 x2 x3 x4

f(x0) f(x1) f(x2) f(x3)

f(x4)
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Reconstruction: approximating continuous signal from 
the discrete set of measurements

x1x0 x2 x3 x4

f (x)

frecon (x)
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Sampling a signal too sparsely can result in aliasing

High-frequency signal is insufficiently sampled, so samples erroneously appear to be from a low-frequency signal 

Two frequencies that are indistinguishable at a given sampling rate are called “aliases”
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Sampling a signal too sparsely can result in aliasing

sampling = every 16 pixels sampling = every 16 pixels

frequency 1/32; 32 pixels per cycle

sin(2⇡/32)x
frequency 1/16; 16 pixels per cycle

sin(2⇡/16)x
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Sampling a signal too sparsely can result in aliasing
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Sampling a signal too sparsely can result in aliasing

Jaggies!
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Sampling a triangle (1 sample/pixel)
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Results of sampling (1 sample/pixel)
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Displaying the results of sampling (square pixels on a display = nearest neighbor reconstruction)
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Sampling a triangle (9 samples/pixel)
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Results of sampling (9 samples/pixel)
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Blurring (“filtering”) the densely sampled result (remove high frequencies)
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Resample blurred signal at pixel centers (one sample per pixel)
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Displaying the results of sampling (square pixels on a display)
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Example: anti-aliased results
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Transformations
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A cube, centered at the origin, with faces of size 2 x 2

(-1, -1, -1) (1, -1, -1)

(1, -1, 1)(-1, -1, 1)

(1, 1, -1)

(1, 1, 1)

(-1, 1, -1)

(-1, 1, 1)



Stanford CS248A, Winter 2026

Consider drawing a cube person
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Transformations in character rigging
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Transformations for geometry instancing

Credit: Jan-Walter Schliep, Burak Kahraman, and Timm Dapper
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Lecture 3 Math

f(x)Lecture 3 Math

x

f(x)

Basic idea: f  transforms        to

Lecture 3 Math

x

f(x)

Lecture 3 Math

f(x)



Stanford CS248A, Winter 2026

Linear transformations

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Composition of linear transformations is linear 
- Leads to uniform representation of many types of transformations 
As we will see… linear transformations are cheap to compute

▪ What does linear mean?
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Linear transformations

In other words: if it doesn’t matter whether we 
add the vectors and then apply the map, or apply 
the map and then add the vectors 

(and likewise for scaling)

add first

then apply f

apply f first

then add

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)
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Linear transforms/maps—visualized

linear map

nonlinear map

Key idea: linear maps take lines to lines
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Scale transform

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3)

Uniform scale:

Non-uniform scale??
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Is scale a linear transform?

Lecture 3 Math

x

f(x)

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x

f(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x0)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2(x+ 2y

S2(x+ y) = S2(x) + S2(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2(x+ 2y

S2(x+ y) = S2(x) + S2(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Yes!
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Rotation transform

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

= rotate counter-clockwise by

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)
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Rotation as circular motion

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

= rotate counter-clockwise by

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)

As angle changes, points move along circular trajectories.

Hence, rotations preserve length of vectors:
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Is rotation linear?

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)

Lecture 3 Math

x

f(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)

Lecture 3 Math

x

f(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:
R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Yes!
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Translation transform

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

    —   “translate by b”

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)
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Is translation linear?

Lecture 3 Math

x

f(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

No.  Translation is affine.
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Reflection transform

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

= reflection about y

= reflection about x

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)
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Shear transform (shear in x direction)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)
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Compose basic transformations to construct more 
complicated ones

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))

2

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

2

Note: order of composition matters 

Top-right: scale, then translate 
Bottom-right: translate, then scale
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How would you perform these transformations?

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

2

3

4
2

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Usually more than one way to do it!
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Common task: rotate about a point x
Lecture 3 Math

x

f(x)

Lecture 3 Math

x

f(x)

Lecture 3 Math

x

f(x)Step 1: translate by - 

Lecture 3 Math

x0 � x1 � x2 � x3 � y � x

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Lecture 3 Math

x

f(x)Step 2: rotate Step 3: translate by 

Lecture 3 Math

x0 � x1 � x2 � x3 � y � x

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3
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Summary of basic transformations
Linear:

Not linear:

Scale 
Rotation 
Reflection 
Shear

Translation

Euclidean: (Isometries)

Translation 
Rotation 
Reflection

Preserve distance between points (preserves length)

Affine:
Composition of linear transform + translation 
(all examples on previous two slides)

“Rigid body” transformations are distance-preserving motions 
that also preserve orientation (i.e., does not include reflection)

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Lecture 3 Math

x

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

2

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:
|f(x)� f(y)| = |x� y|

2

Not affine: perspective projection (will discuss later)
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Representing transformations in coordinates
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Consider coordinate space defined by orthogonal vectors         and 

Review: representing points in a coordinate space

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

e1 � e2

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

e1 � e2

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

e1 � e2

4

in coordinate space defined by         and        , with origin at (1.5, 1)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = 2e2 + 2e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

4

Lecture 3 Math

x

f(x)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

e1 � e2

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

e1 � e2

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

e1 � e2

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3 + e4

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = R
T
uvwRz,✓Ruvw

Complex:

z = a+ bi

i
2 = �1

(a+ bi)(c+ di) = (ac� bd) + (bc+ ad)i

iz = i(a+ bi) = �b+ ai

i(iz) = �a� bi = �z

R✓ = e
i✓ = cos ✓ + i sin ✓

Q = (qv,qw) = iqx + jqy + kqz + qw

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3 + e4

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = R
T
uvwRz,✓Ruvw

Complex:

z = a+ bi

i
2 = �1

(a+ bi)(c+ di) = (ac� bd) + (bc+ ad)i

iz = i(a+ bi) = �b+ ai

i(iz) = �a� bi = �z

R✓ = e
i✓ = cos ✓ + i sin ✓

Q = (qv,qw) = iqx + jqy + kqz + qw

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3 + e4

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

x =
⇥p

8 0
⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = R
T
uvwRz,✓Ruvw

Complex:

z = a+ bi

i
2 = �1

(a+ bi)(c+ di) = (ac� bd) + (bc+ ad)i

iz = i(a+ bi) = �b+ ai

i(iz) = �a� bi = �z

R✓ = e
i✓ = cos ✓ + i sin ✓

Q = (qv,qw) = iqx + jqy + kqz + qw

4

in coordinate space defined by         and        , with origin at (0, 0)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3 + e4

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = R
T
uvwRz,✓Ruvw

Complex:

z = a+ bi

i
2 = �1

(a+ bi)(c+ di) = (ac� bd) + (bc+ ad)i

iz = i(a+ bi) = �b+ ai

i(iz) = �a� bi = �z

R✓ = e
i✓ = cos ✓ + i sin ✓

Q = (qv,qw) = iqx + jqy + kqz + qw

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3 + e4

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = R
T
uvwRz,✓Ruvw

Complex:

z = a+ bi

i
2 = �1

(a+ bi)(c+ di) = (ac� bd) + (bc+ ad)i

iz = i(a+ bi) = �b+ ai

i(iz) = �a� bi = �z

R✓ = e
i✓ = cos ✓ + i sin ✓

Q = (qv,qw) = iqx + jqy + kqz + qw

4

It’s the same point: x 
But x is represented via different coordinates 
in difference coordinate spaces!
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Another way to think about transformations: change of coordinates

Lecture 3 Math

x

f(x)

Lecture 3 Math

x0 � x1 � x2 � x3 � y � x

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:

Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Interpretation of transformations so far in this 
lecture: transformations modify (move) points 

Point       moved to new position             so it has new 
coordinates in same coordinate space.

Lecture 3 Math

x0 � x1 � x2 � x3 � y � x

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:

Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Lecture 3 Math

x

f(x)

Lecture 3 Math

x

f(x)

Alternative interpretation: 

Transformations induce of change of coordinate frame: 
Representation of       changes since point is now expressed in 
new coordinates

Lecture 3 Math

x

f(x)
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Review: 2D matrix multiplication

Matrix multiplication is linear combination of columns 
Encodes a linear map!
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Linear maps via matrices
Example: suppose I have a linear map

Encoding the map as a matrix: “a” vectors become matrix columns:

Matrix-vector multiply computes same output as original map:



Stanford CS248A, Winter 2026

Linear transformations in 2D can be represented as 2x2 matrices

Consider non-uniform scale:

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =

����
sx 1
1 sy

����

Ssx0 � Ssx1 � Ssx2 � Ssx3

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =

����
sx 1
1 sy

����

Ssx0 � Ssx1 � Ssx2 � Ssx3

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =

����
sx 1
1 sy

����

Ssx0 � Ssx1 � Ssx2 � Ssx3

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =

����
sx 1
1 sy

����

Ssx0 � Ssx1 � Ssx2 � Ssx3

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =

����
sx 0
0 sy

����

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Scaling amounts in each direction:

Matrix representing scale transform:
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Rotation matrix (2D)

(Recall that                    and                  are the coordinates of a point on the unit circle.)

Which means the matrix must look like:

Question: what happens to (1, 0) and (0,1) after rotation by       ? 

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)

(1,0)

(0,1)

Answer:

Reminder: rotation moves points along circular trajectories.
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Rotation matrix (2D): another way…

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:
Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:
|f(x)� f(y)| = |x� y|

2

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓ � xx � xy

cos ✓ � sin ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3
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Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Shear

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:
Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:
|f(x)� f(y)| = |x� y|

2

Shear in x:

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:
Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:
|f(x)� f(y)| = |x� y|

2

Shear in y:Arbitrary shear:
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How do we compose linear transformations?

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

3

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

Compose linear transformations via matrix multiplication. 
This example: uniform scale, followed by rotation

Enables simple, efficient implementation: reduce complex chain of transformations to a single matrix multiplication!

f(x) = R⇡/4S[1.5,1.5]x = Mx

<latexit sha1_base64="KaCtvi9XEmKbJ9zKUZ3xuFPV5Bo="></latexit>

M = R⇡/4S[1.5,1.5]

<latexit sha1_base64="LoYnjx8sRmC5pHBJG8FJDmMF8SY=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwUWoiLboRim7cCPXRB6QhTKaTdujkwcxEKCE/4cZfceNCEbeCO//GSRtBWw9cOJxzL/fe40aMCmkYX1phYXFpeaW4Wlpb39jc0rd32iKMOSYtHLKQd10kCKMBaUkqGelGnCDfZaTjji4yv3NPuKBhcCfHEbF9NAioRzGSSnL0Ss9Hcuh6yVUKz+CNk/QielRLf9Tb1Ekss1qvqLJTRy8bVWMCOE/MnJRBjqajf/b6IY59EkjMkBCWaUTSThCXFDOSlnqxIBHCIzQglqIB8omwk8lXKTxQSh96IVcVSDhRf08kyBdi7LuqM7tWzHqZ+J9nxdI7tRMaRLEkAZ4u8mIGZQiziGCfcoIlGyuCMKfqVoiHiCMsVZAlFYI5+/I8aR9XzVq1fl0rN87zOIpgD+yDQ2CCE9AAl6AJWgCDB/AEXsCr9qg9a2/a+7S1oOUzu+APtI9vcXmduA==</latexit>

Where:
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How do we deal with translation? (Not linear)

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Lecture 3 Math

x0 � x1 � x2 � x3 � y

x+ y � ✓

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:
Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

Translation:
Tb(x) = x + b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

Recall: translation is not a linear transform 
→ Output coefficients are not a linear combination of input coefficients  
→ Translation operation cannot be represented by a 2x2 matrix

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:
Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

Reflection:
Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:
Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Misc:
f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:
|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

2

Translation math
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2D homogeneous coordinates (2D-H)
Idea: represent 2D points with THREE values (“homogeneous coordinates”) 

So the point                   is represented as the 3-vector: 

  

And transformations are represented a 3x3 matrices that transform these vectors.

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

2

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

2

Recover final 2D coordinates by dividing by “extra” (third) coordinate

(More on this later…)

!
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Example: scale and rotation in 2D-H coords
For transformations that are already linear, not much changes:

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

2

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

R✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

2

Notice that the last row/column doesn’t do anything interesting.  E.g., for scaling:

Now we divide by the 3rd coordinate to get our final 2D coordinates (not too exciting!)

(Will get more interesting when we talk about perspective…)
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Translation in 2D homogeneous coordinates
Translation expressed as 3x3 matrix multiplication:

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

R✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Tb =

2

4
1 0 bx

0 1 by

0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

2

Cool: homogeneous coordinates let us encode translations as linear transformations!

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

R✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Tb =

2

4
1 0 bx

0 1 by

0 0 1

3

5

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

1

3

5 =

2

4
xx + bx

xy + by

1

3

5

2

(remember: just a linear combination of columns!)
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Homogeneous coordinates: some intuition

x

y

w = 1

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

w

3

5 =

2

4
xx + wbx

xy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

x2 =
⇥
xx xy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

w

3

5 =

2

4
xx + wbx

xy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

x2 =
⇥
xx xy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Translation is a shear in x and y in 2D-H space

Many points in 2D-H correspond to same point in 2D 
       and            correspond to the same 2D point 
(divide by       to convert 2D-H back to 2D)

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

w

3

5 =

2

4
xx + wbx

xy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

x2 =
⇥
xx xy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

wx

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

R✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Tb =

2

4
1 0 bx

0 1 by

0 0 1

3

5

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

1

3

5 =

2

4
xx + bx

xy + by

1

3

5

2

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

wx

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

R✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Tb =

2

4
1 0 bx

0 1 by

0 0 1

3

5

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

1

3

5 =

2

4
xx + bx

xy + by

1

3

5

2

w



Stanford CS248A, Winter 2026

Translation = shear in homogeneous space

Translate by t=2:

x

w

w=1

Recall: this is a shear in homogeneous x.

x1

x2 = wx1
T =


1 t
0 1

�
=


1 2
0 1

�

1D translation is affine in 1D (x + t), 
but it is linear in 1D-H

w=1
Tx1

Tx2

x

For simplicity, consider 1D-H:

x1
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Homogeneous coordinates: points vs. vectors
w

w = 1

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

w

3

5 =

2

4
xx + wbx

xy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

x2 =
⇥
xx xy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

w

3

5 =

2

4
xx + wbx

xy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

x2 =
⇥
xx xy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Note: translation does not modify directions:

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

2D-H points with       =0 represent 2D vectors 
(think: directions are points at infinity)

Rotations:

R✓(x)�R✓(x0)�R✓(x1)�R✓(x2)�R✓(x3)�R✓(ax)� aR✓(x)�R✓(y)�R✓(x+ y)

R✓ =


cos ✓ � sin ✓
sin ✓ cos ✓

�

Translation:

Tb(x) = x+ b

Tb(x0)� Tb(x1)� Tb(x2)� Tb(x3)� Tb(x)� Tb(y)� Tb(x+ y)� Tb(x) + Tb(y)

Ta,b(x0)� Ta,b(x1)� Ta,b(x2)� Ta,b(x3)� Ta,b(x)� Ta,b(y)� Ta,b(x+ y)� Ta,b(x) + Ta,b(y)

xoutx = xx + bx

xouty = xy + by

xoutx = M11xx +M12xy

xouty = M21xx +M22xy

Reflection:

Rey(x0)�Rey(x1)�Rey(x2)�Rey(x3)

Rex(x0)�Rex(x1)�Rex(x2)�Rex(x3)

Shear:

Hx(x0)�Hx(x1)�Hx(x2)�Hx(x3)

Hxs =


1 s

0 1

�

Hys =


1 0
s 1

�

Homogeneous:

(x, y)�
⇥
x y 1

⇤T

wx

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 1

3

5

R✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Tb =

2

4
1 0 bx

0 1 by

0 0 1

3

5

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
xx

xy

1

3

5 =

2

4
xx + bx

xy + by

1

3

5

2

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

x

y

Unlike 2D, points and directions are 
distinguishable by their representation in 2D-H
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Visualizing 2D transformations in 2D-H

Original shape in 2D can be viewed as 
many copies, uniformly scaled by w.

2D rotation ⬌ rotate around w

2D scale ⬌ scale x and y; preserve w
2D translate ⬌ shear in 2D-H(Question: what happens to 2D shape 

if you scale x, y, and w uniformly?) (LINEAR!)
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Moving to 3D (and 3D-H)
Represent 3D transformations as 3x3 matrices and 3D-H transformations as 4x4 matrices

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Scale:
3D 3D-H

Translate:
3D-H

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Tb =

2

664

1 0 0 bx

0 1 0 by

0 0 1 bz

0 0 0 1

3

775

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Shear (in x, based on y,z position): 

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Tb =

2

664

1 0 0 bx

0 1 0 by

0 0 1 bz

0 0 0 1

3

775

Hx,d =

2

4
1 dy dz

0 1 0
0 0 1

3

5

Hx,d =

2

664

1 dy dz 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

Rz,✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Tb =

2

664

1 0 0 bx

0 1 0 by

0 0 1 bz

0 0 0 1

3

775

Hx,d =

2

4
1 dy dz

0 1 0
0 0 1

3

5

Hx,d =

2

664

1 dy dz 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

Rz,✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3
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Commutativity of rotations—2D
In 2D, order of rotations doesn’t matter:

Same result! (“2D rotations commute”)

rotate by 40° rotate by 20°

rotate by 20° rotate by 40°
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Commutativity of rotations—3D
What about in 3D? 
IN-CLASS ACTIVITY: 

- Rotate 90° around Y, then 90° around Z, then 90° around X 
- Rotate 90° around Z, then 90° around Y, then 90° around X 
- (Was there any difference?)

X
Z

Y

CONCLUSION: bad things can happen if 
we’re not careful about the order in which 
we apply rotations!
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Rotations in 3D

Rotation about z axis:

y

z

x
z coordinate is unchanged by 
rotation about z

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Tb =

2

664

1 0 0 bx

0 1 0 by

0 0 1 bz

0 0 0 1

3

775

Hx,d =

2

4
1 dy dz

0 1 0
0 0 1

3

5

Hx,d =

2

664

1 dy dz 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

Rz,✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

3

Rotation about x axis:

Rotation about y axis:

y

z

x z

y
View looking down -x axis:

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Tb =

2

664

1 0 0 bx

0 1 0 by

0 0 1 bz

0 0 0 1

3

775

Hx,d =

2

4
1 dy dz

0 1 0
0 0 1

3

5

Hx,d =

2

664

1 dy dz 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

Rx,✓ =

2

4
1 0 0
0 cos ✓ � sin ✓
0 sin ✓ cos ✓

3

5

Rz,✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|
f(x) = R⇡/4S[1.5,1.5]x

3

Tbx =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
wxx

wxy

w

3

5 =

2

4
wxx + wbx

wxy + wby

w

3

5

Tbv =

2

4
1 0 bx

0 1 by

0 0 1

3

5

2

4
vx

vy

0

3

5 =

2

4
vx

vy

0

3

5

TbR✓T�b

x =
⇥
xx xy 1

⇤T

x1 =
⇥
wxx wxy w

⇤T

v =
⇥
vx vy 0

⇤T

Moving to 3D:

Ss =

2

4
Sx 0 0
0 Sy 0
0 0 Sz

3

5

Ss =

2

664

Sx 0 0 0
0 Sy 0 0
0 0 Sz 0
0 0 0 1

3

775

Tb =

2

664

1 0 0 bx

0 1 0 by

0 0 1 bz

0 0 0 1

3

775

Hx,d =

2

4
1 dy dz

0 1 0
0 0 1

3

5

Hx,d =

2

664

1 dy dz 0
0 1 0 0
0 0 1 0
0 0 0 1

3

775

Rx,✓ =

2

4
1 0 0
0 cos ✓ � sin ✓
0 sin ✓ cos ✓

3

5

Ry,✓ =

2

4
cos ✓ 0 sin ✓
0 1 0

� sin ✓ 0 cos ✓

3

5

Rz,✓ =

2

4
cos ✓ � sin ✓ 0
sin ✓ cos ✓ 0
0 0 1

3

5

Misc:

f(x0)� f(x1)� f(x2)� f(x3)

3

z

View looking down -y axis:
x

x coordinate is unchanged by 
rotation about x
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Representing rotations in 3D—euler angles
How do we express rotations in 3D? 
One idea: we know how to do 2D rotations 
Why not simply apply rotations around the three axes? (X,Y,Z) 
Scheme is called Euler angles 
PROBLEM: “Gimbal Lock”
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Alternative representations of 3D rotations 
Axis-angle rotations 

Quaternions (not today)
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Let’s make that cube person…
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Skeleton - hierarchical representation
torso 

head 
right arm 

upper arm 
lower arm 

hand 
left arm 

upper arm 
lower arm 

hand 
right leg 

upper leg 
lower leg 

foot 
left leg 

upper leg 
lower leg 

foot

torso

head

rig
ht

 ar
m

 
(u

pp
er

)
rig

ht
 ar

m
 

(lo
we

r)

right 
hand

rig
ht

 le
g 

(u
pp

er
)

rig
ht

 le
g 

(lo
we

r)

right 
foot
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Hierarchical representation
Grouped representation (tree) 
- Each group contains subgroups and/or shapes 
- Each group is associated with a transform relative to parent group 
- Transform on leaf-node shape is concatenation of all transforms on path from root 

node to leaf  
- Changing a group’s transform affects all descendent parts 

- Allows high level editing by changing only one node 
- E.g. raising left arm requires changing only one transform for that group
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Skeleton - hierarchical representation

translate(0, 10);  // person centered at (0,10) 
drawTorso();

right  
lower 
arm 

group
right  
arm 

group
right  
hand

pushTransform(); 
translate(-2, 3); 
rotate(rightShoulderRotation); 
drawUpperArm(); 

pushTransform();  // push a copy of transform onto stack 
translate(0, 5);  // right-multiply onto current transform 
rotate(headRotation);  // right-multiply onto current transform 
drawHead(); 

popTransform();  // pop current transform off stack

pushTransform(); 
translate(0, -3); 
rotate(elbowRotation); 
drawLowerArm(); 
pushTransform(); 

translate(0, -3); 
rotate(wristRotation); 
drawHand(); 

popTransform(); 
popTransform(); 

popTransform(); 
….

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="lvseI4ZZuLbQcRKpVPgGxBe9hyU=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMaHVZdOOyQl/QDkMmTdvQJDMkGbEM8ytuXCji1h9x59+YaWehrQcCh3Pu5Z6cIGJUacf5tgpr6xubW8Xt0s7u3v6BfVjuqDCWmLRxyELZC5AijArS1lQz0oskQTxgpBtM7zK/+0ikoqFo6VlEPI7Ggo4oRtpIvl0ecKQnkiet1E+qzvnVWerbFafmzAFXiZuTCsjR9O2vwTDEMSdCY4aU6rtOpL0ESU0xI2lpECsSITxFY9I3VCBOlJfMs6fw1ChDOAqleULDufp7I0FcqRkPzGSWVC17mfif14/16MZLqIhiTQReHBrFDOoQZkXAIZUEazYzBGFJTVaIJ0girE1dJVOCu/zlVdK5qLn1Wv3hstK4zesogmNwAqrABdegAe5BE7QBBk/gGbyCNyu1Xqx362MxWrDynSPwB9bnDxWik9Q=</latexit>

T(0,5)
<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="lvseI4ZZuLbQcRKpVPgGxBe9hyU=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMaHVZdOOyQl/QDkMmTdvQJDMkGbEM8ytuXCji1h9x59+YaWehrQcCh3Pu5Z6cIGJUacf5tgpr6xubW8Xt0s7u3v6BfVjuqDCWmLRxyELZC5AijArS1lQz0oskQTxgpBtM7zK/+0ikoqFo6VlEPI7Ggo4oRtpIvl0ecKQnkiet1E+qzvnVWerbFafmzAFXiZuTCsjR9O2vwTDEMSdCY4aU6rtOpL0ESU0xI2lpECsSITxFY9I3VCBOlJfMs6fw1ChDOAqleULDufp7I0FcqRkPzGSWVC17mfif14/16MZLqIhiTQReHBrFDOoQZkXAIZUEazYzBGFJTVaIJ0girE1dJVOCu/zlVdK5qLn1Wv3hstK4zesogmNwAqrABdegAe5BE7QBBk/gGbyCNyu1Xqx362MxWrDynSPwB9bnDxWik9Q=</latexit>

T(0,5)
<latexit sha1_base64="tlQmo6Tl2VFr+DAilhSmIBL5OwA=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJSPVY9OKxiv2AtoTNZtou3XywOxFLiBf/ihcPinj1X3jz37htc9DWBwOP92aYmefFgiu07W+jsLS8srpWXC9tbG5t75i7e00VJZJBg0Uikm2PKhA8hAZyFNCOJdDAE9DyRlcTv3UPUvEovMNxDL2ADkLe54yillzzoBtQHMogvc3ctIvwgOkQqJ9lrlm2K/YU1iJxclImOequ+dX1I5YEECITVKmOY8fYS6lEzgRkpW6iIKZsRAfQ0TSkAaheOv0gs4614lv9SOoK0ZqqvydSGig1DjzdOblXzXsT8T+vk2D/opfyME4QQjZb1E+EhZE1icPyuQSGYqwJZZLrWy02pJIy1KGVdAjO/MuLpHlacaqV6s1ZuXaZx1Ekh+SInBCHnJMauSZ10iCMPJJn8krejCfjxXg3PmatBSOf2Sd/YHz+AOX0l9c=</latexit>

Rhead

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)

<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho

<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho
<latexit sha1_base64="8zXHp064pXLrVw/4O2XD6JFNIXM=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQrMKdSLQM2lhGMR+QhGNvM5cs2ftgd04MxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo22/W0tLa+srq0XNoqbW9s7u6W9/aaOEsWhwSMZqbbHNEgRQgMFSmjHCljgSWh5o+uJ33oApUUU3uM4hl7ABqHwBWdoJLd02A0YDlWQ3mVu2kV4xBSkl2VuqWxX7CnoInFyUiY56m7pq9uPeBJAiFwyrTuOHWMvZQoFl5AVu4mGmPERG0DH0JAFoHvp9IGMnhilT/1ImQqRTtXfEykLtB4HnumcnKvnvYn4n9dJ0L/spSKME4SQzxb5iaQY0UkatC8UcJRjQxhXwtxK+ZApxtFkVjQhOPMvL5LmWcWpVqq35+XaVR5HgRyRY3JKHHJBauSG1EmDcJKRZ/JK3qwn68V6tz5mrUtWPnNA/sD6/AEnOZdu</latexit>

Relb

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho

<latexit sha1_base64="8zXHp064pXLrVw/4O2XD6JFNIXM=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQrMKdSLQM2lhGMR+QhGNvM5cs2ftgd04MxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo22/W0tLa+srq0XNoqbW9s7u6W9/aaOEsWhwSMZqbbHNEgRQgMFSmjHCljgSWh5o+uJ33oApUUU3uM4hl7ABqHwBWdoJLd02A0YDlWQ3mVu2kV4xBSkl2VuqWxX7CnoInFyUiY56m7pq9uPeBJAiFwyrTuOHWMvZQoFl5AVu4mGmPERG0DH0JAFoHvp9IGMnhilT/1ImQqRTtXfEykLtB4HnumcnKvnvYn4n9dJ0L/spSKME4SQzxb5iaQY0UkatC8UcJRjQxhXwtxK+ZApxtFkVjQhOPMvL5LmWcWpVqq35+XaVR5HgRyRY3JKHHJBauSG1EmDcJKRZ/JK3qwn68V6tz5mrUtWPnNA/sD6/AEnOZdu</latexit>

Relb

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOO FEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="k/WcDupDTB8/CJIFTgLJdACw6v4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVJdFNy6r2Ac0IUymk3bo5MHMjVpiFv6KGxeKuPU33Pk3TtoutPXAwOGce7lnjp8IrsCyvo2FxaXlldXSWnl9Y3Nr29zZbak4lZQ1aSxi2fGJYoJHrAkcBOskkpHQF6ztDy8Lv33HpOJxdAujhLkh6Uc84JSAljxz3wkJDGSY3eRe5gB7gOxe5rlnVqyqNQaeJ/aUVNAUDc/8cnoxTUMWARVEqa5tJeBmRAKnguVlJ1UsIXRI+qyraURCptxsnD/HR1rp4SCW+kWAx+rvjYyESo1CX08WadWsV4j/ed0UgnM341GSAovo5FCQCgwxLsrAPS4ZBTHShFDJdVZMB0QSCrqysi7Bnv3yPGmdVO1atXZ9WqlfTOsooQN0iI6Rjc5QHV2hBmoiih7RM3pFb8aT8WK8Gx+T0QVjurOH/sD4/AGI3Zca</latexit>

Rwr

<latexit sha1_base64="8zXHp064pXLrVw/4O2XD6JFNIXM=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQrMKdSLQM2lhGMR+QhGNvM5cs2ftgd04MxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo22/W0tLa+srq0XNoqbW9s7u6W9/aaOEsWhwSMZqbbHNEgRQgMFSmjHCljgSWh5o+uJ33oApUUU3uM4hl7ABqHwBWdoJLd02A0YDlWQ3mVu2kV4xBSkl2VuqWxX7CnoInFyUiY56m7pq9uPeBJAiFwyrTuOHWMvZQoFl5AVu4mGmPERG0DH0JAFoHvp9IGMnhilT/1ImQqRTtXfEykLtB4HnumcnKvnvYn4n9dJ0L/spSKME4SQzxb5iaQY0UkatC8UcJRjQxhXwtxK+ZApxtFkVjQhOPMvL5LmWcWpVqq35+XaVR5HgRyRY3JKHHJBauSG1EmDcJKRZ/JK3qwn68V6tz5mrUtWPnNA/sD6/AEnOZdu</latexit>

Relb

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOO FEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)

Transform used for drawing: Sequence of commands (transformation and drawing commands):
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translate(0, 10);  // person centered at (0,10) 
drawTorso();

right  
lower 
arm 

group
right  
arm 

group
right  
hand

pushTransform(); 
translate(-2, 3); 
rotate(rightShoulderRotation); 
drawUpperArm(); 

pushTransform();  // push a copy of transform onto stack 
translate(0, 5);  // right-multiply onto current transform 
rotate(headRotation);  // right-multiply onto current transform 
drawHead(); 

popTransform();  // pop current transform off stack

pushTransform(); 
translate(0, -3); 
rotate(elbowRotation); 
drawLowerArm(); 
pushTransform(); 

translate(0, -3); 
rotate(wristRotation); 
drawHand(); 

popTransform(); 
popTransform(); 

popTransform(); 
….

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="lvseI4ZZuLbQcRKpVPgGxBe9hyU=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMaHVZdOOyQl/QDkMmTdvQJDMkGbEM8ytuXCji1h9x59+YaWehrQcCh3Pu5Z6cIGJUacf5tgpr6xubW8Xt0s7u3v6BfVjuqDCWmLRxyELZC5AijArS1lQz0oskQTxgpBtM7zK/+0ikoqFo6VlEPI7Ggo4oRtpIvl0ecKQnkiet1E+qzvnVWerbFafmzAFXiZuTCsjR9O2vwTDEMSdCY4aU6rtOpL0ESU0xI2lpECsSITxFY9I3VCBOlJfMs6fw1ChDOAqleULDufp7I0FcqRkPzGSWVC17mfif14/16MZLqIhiTQReHBrFDOoQZkXAIZUEazYzBGFJTVaIJ0girE1dJVOCu/zlVdK5qLn1Wv3hstK4zesogmNwAqrABdegAe5BE7QBBk/gGbyCNyu1Xqx362MxWrDynSPwB9bnDxWik9Q=</latexit>

T(0,5)
<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="lvseI4ZZuLbQcRKpVPgGxBe9hyU=">AAAB+3icbVDLSgMxFM3UV62vsS7dBItQQcqMaHVZdOOyQl/QDkMmTdvQJDMkGbEM8ytuXCji1h9x59+YaWehrQcCh3Pu5Z6cIGJUacf5tgpr6xubW8Xt0s7u3v6BfVjuqDCWmLRxyELZC5AijArS1lQz0oskQTxgpBtM7zK/+0ikoqFo6VlEPI7Ggo4oRtpIvl0ecKQnkiet1E+qzvnVWerbFafmzAFXiZuTCsjR9O2vwTDEMSdCY4aU6rtOpL0ESU0xI2lpECsSITxFY9I3VCBOlJfMs6fw1ChDOAqleULDufp7I0FcqRkPzGSWVC17mfif14/16MZLqIhiTQReHBrFDOoQZkXAIZUEazYzBGFJTVaIJ0girE1dJVOCu/zlVdK5qLn1Wv3hstK4zesogmNwAqrABdegAe5BE7QBBk/gGbyCNyu1Xqx362MxWrDynSPwB9bnDxWik9Q=</latexit>

T(0,5)
<latexit sha1_base64="tlQmo6Tl2VFr+DAilhSmIBL5OwA=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieCqJSPVY9OKxiv2AtoTNZtou3XywOxFLiBf/ihcPinj1X3jz37htc9DWBwOP92aYmefFgiu07W+jsLS8srpWXC9tbG5t75i7e00VJZJBg0Uikm2PKhA8hAZyFNCOJdDAE9DyRlcTv3UPUvEovMNxDL2ADkLe54yillzzoBtQHMogvc3ctIvwgOkQqJ9lrlm2K/YU1iJxclImOequ+dX1I5YEECITVKmOY8fYS6lEzgRkpW6iIKZsRAfQ0TSkAaheOv0gs4614lv9SOoK0ZqqvydSGig1DjzdOblXzXsT8T+vk2D/opfyME4QQjZb1E+EhZE1icPyuQSGYqwJZZLrWy02pJIy1KGVdAjO/MuLpHlacaqV6s1ZuXaZx1Ekh+SInBCHnJMauSZ10iCMPJJn8krejCfjxXg3PmatBSOf2Sd/YHz+AOX0l9c=</latexit>

Rhead

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)

<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho

<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho
<latexit sha1_base64="8zXHp064pXLrVw/4O2XD6JFNIXM=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQrMKdSLQM2lhGMR+QhGNvM5cs2ftgd04MxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo22/W0tLa+srq0XNoqbW9s7u6W9/aaOEsWhwSMZqbbHNEgRQgMFSmjHCljgSWh5o+uJ33oApUUU3uM4hl7ABqHwBWdoJLd02A0YDlWQ3mVu2kV4xBSkl2VuqWxX7CnoInFyUiY56m7pq9uPeBJAiFwyrTuOHWMvZQoFl5AVu4mGmPERG0DH0JAFoHvp9IGMnhilT/1ImQqRTtXfEykLtB4HnumcnKvnvYn4n9dJ0L/spSKME4SQzxb5iaQY0UkatC8UcJRjQxhXwtxK+ZApxtFkVjQhOPMvL5LmWcWpVqq35+XaVR5HgRyRY3JKHHJBauSG1EmDcJKRZ/JK3qwn68V6tz5mrUtWPnNA/sD6/AEnOZdu</latexit>

Relb

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOOFEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho

<latexit sha1_base64="8zXHp064pXLrVw/4O2XD6JFNIXM=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQrMKdSLQM2lhGMR+QhGNvM5cs2ftgd04MxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo22/W0tLa+srq0XNoqbW9s7u6W9/aaOEsWhwSMZqbbHNEgRQgMFSmjHCljgSWh5o+uJ33oApUUU3uM4hl7ABqHwBWdoJLd02A0YDlWQ3mVu2kV4xBSkl2VuqWxX7CnoInFyUiY56m7pq9uPeBJAiFwyrTuOHWMvZQoFl5AVu4mGmPERG0DH0JAFoHvp9IGMnhilT/1ImQqRTtXfEykLtB4HnumcnKvnvYn4n9dJ0L/spSKME4SQzxb5iaQY0UkatC8UcJRjQxhXwtxK+ZApxtFkVjQhOPMvL5LmWcWpVqq35+XaVR5HgRyRY3JKHHJBauSG1EmDcJKRZ/JK3qwn68V6tz5mrUtWPnNA/sD6/AEnOZdu</latexit>

Relb

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOO FEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="k/WcDupDTB8/CJIFTgLJdACw6v4=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIVJdFNy6r2Ac0IUymk3bo5MHMjVpiFv6KGxeKuPU33Pk3TtoutPXAwOGce7lnjp8IrsCyvo2FxaXlldXSWnl9Y3Nr29zZbak4lZQ1aSxi2fGJYoJHrAkcBOskkpHQF6ztDy8Lv33HpOJxdAujhLkh6Uc84JSAljxz3wkJDGSY3eRe5gB7gOxe5rlnVqyqNQaeJ/aUVNAUDc/8cnoxTUMWARVEqa5tJeBmRAKnguVlJ1UsIXRI+qyraURCptxsnD/HR1rp4SCW+kWAx+rvjYyESo1CX08WadWsV4j/ed0UgnM341GSAovo5FCQCgwxLsrAPS4ZBTHShFDJdVZMB0QSCrqysi7Bnv3yPGmdVO1atXZ9WqlfTOsooQN0iI6Rjc5QHV2hBmoiih7RM3pFb8aT8WK8Gx+T0QVjurOH/sD4/AGI3Zca</latexit>

Rwr

<latexit sha1_base64="8zXHp064pXLrVw/4O2XD6JFNIXM=">AAACAHicbVA9SwNBEN3zM8avqIWFzWIQrMKdSLQM2lhGMR+QhGNvM5cs2ftgd04MxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo22/W0tLa+srq0XNoqbW9s7u6W9/aaOEsWhwSMZqbbHNEgRQgMFSmjHCljgSWh5o+uJ33oApUUU3uM4hl7ABqHwBWdoJLd02A0YDlWQ3mVu2kV4xBSkl2VuqWxX7CnoInFyUiY56m7pq9uPeBJAiFwyrTuOHWMvZQoFl5AVu4mGmPERG0DH0JAFoHvp9IGMnhilT/1ImQqRTtXfEykLtB4HnumcnKvnvYn4n9dJ0L/spSKME4SQzxb5iaQY0UkatC8UcJRjQxhXwtxK+ZApxtFkVjQhOPMvL5LmWcWpVqq35+XaVR5HgRyRY3JKHHJBauSG1EmDcJKRZ/JK3qwn68V6tz5mrUtWPnNA/sD6/AEnOZdu</latexit>

Relb

<latexit sha1_base64="tidOSnaS26W/4bQBzSoY+Pq7cJM=">AAAB/HicbVDLSgMxFM34rPU12qWbYBEqSJkRqS6LblxW6AvaYcikmTY0yQxJRijD+CtuXCji1g9x59+YaWehrQcCh3Pu5Z6cIGZUacf5ttbWNza3tks75d29/YND++i4q6JEYtLBEYtkP0CKMCpIR1PNSD+WBPGAkV4wvcv93iORikairWcx8TgaCxpSjLSRfLsy5EhPJE/bmZ/WnAvXOc98u+rUnTngKnELUgUFWr79NRxFOO FEaMyQUgPXibWXIqkpZiQrDxNFYoSnaEwGhgrEifLSefgMnhllBMNImic0nKu/N1LElZrxwEzmUdWyl4v/eYNEhzdeSkWcaCLw4lCYMKgjmDcBR1QSrNnMEIQlNVkhniCJsDZ9lU0J7vKXV0n3su426o2Hq2rztqijBE7AKagBF1yDJrgHLdABGMzAM3gFb9aT9WK9Wx+L0TWr2KmAP7A+fwCDj5QK</latexit>

T(0,10)
<latexit sha1_base64="2HJ2K0PUCGmKlV2T54sWr2FFFCg=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUtSpbosunFZoS9oQ5hMJ+3QmSTMTIQQ6q+4caGIWz/EnX/jpM1CWw8MHM65l3vmeBGjUlnWt1FYW9/Y3Cpul3Z29/YPzMOjrgxjgUkHhywUfQ9JwmhAOooqRvqRIIh7jPS86V3m9x6JkDQM2iqJiMPROKA+xUhpyTXLQ47URPC0PXPT6kX9/PJs5poVq2bNAVeJnZMKyNFyza/hKMQxJ4HCDEk5sK1IOSkSimJGZqVhLEmE8BSNyUDTAHEinXQefgZPtTKCfij0CxScq783UsSlTLinJ7OoctnLxP+8Qaz8GyelQRQrEuDFIT9mUIUwawKOqCBYsUQThAXVWSGeIIGw0n2VdAn28pdXSbdesxu1xsNVpXmb11EEx+AEVIENrkET3IMW6AAMEvAMXsGb8WS8GO/Gx2K0YOQ7ZfAHxucPhROUCw==</latexit>

T(→2,3)
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)
<latexit sha1_base64="RGWdjbBcVZguZ0ofeihtMckX1Nw=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJVEpLosunFZxT6gCWEynbRDJw9mbsQSsvFX3LhQxK2f4c6/cdJmoa0HLhzOuZd77/ETwRVY1rextLyyurZe2ahubm3v7Jp7+x0Vp5KyNo1FLHs+UUzwiLWBg2C9RDIS+oJ1/fF14XcfmFQ8ju5hkjA3JMOIB5wS0JJnHjohgZEMs7vcyxxgj5CpUZznnlmz6tYUeJHYJamhEi3P/HIGMU1DFgEVRKm+bSXgZkQCp4LlVSdVLCF0TIasr2lEQqbcbPpAjk+0MsBBLHVFgKfq74mMhEpNQl93Fueqea8Q//P6KQSXbsajJAUW0dmiIBUYYlykgQdcMgpiogmhkutbMR0RSSjozKo6BHv+5UXSOavbjXrj9rzWvCrjqKAjdIxOkY0uUBPdoBZqI4py9Ixe0ZvxZLwY78bHrHXJKGcO0B8Ynz9KW5eF</latexit>

Rsho
<latexit sha1_base64="OVt+FHFSyuzJyJ1KE1RUACJNcUw=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQQUuiUl0W3bis0Be0IUymk3boZBJmJkII8VfcuFDErR/izr9x0mah1QMDh3Pu5Z45XsSoVJb1ZZRWVtfWN8qbla3tnd09c/+gJ8NYYNLFIQvFwEOSMMpJV1HFyCASBAUeI31vdpv7/QciJA15RyURcQI04dSnGCktuWZ1FCA1FUHaydy0bp2eXZxkrlmzGtYc8C+xC1IDBdqu+TkahzgOCFeYISmHthUpJ0VCUcxIVhnFkkQIz9CEDDXlKCDSSefhM3islTH0Q6EfV3Cu/txIUSBlEnh6Mo8ql71c/M8bxsq/dlLKo1gRjheH/JhBFcK8CTimgmDFEk0QFlRnhXiKBMJK91XRJdjLX/5LeucNu9lo3l/WWjdFHWVwCI5AHdjgCrTAHWiDLsAgAU/gBbwaj8az8Wa8L0ZLRrFTBb9gfHwDggWUCQ==</latexit>

T(0,→3)

Transform used for drawing: Sequence of commands (transformation and drawing commands):
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Transforming points into camera-relative coordinates
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Example: simple camera transform
Consider object positioned in world at (10, 2, 0) 
Consider camera at (4, 2, 0), looking down x axis

y

z

x

▪ Translating object vertex positions by (-4, -2, 0) yields position relative to camera 
▪ Rotation about y by              gives position of object in new coordinate system 

where camera’s view direction is aligned with the -z axis *

Lecture 3 Math

x0 � x1 � x2 � x3 � y � x

x+ y � ✓ � xx � xy

cos ✓ � sin ✓ � ⇡/2� ⇡ � i

f(x)

f(x+ y) = f(x) + f(y)

f(ax) = af(x)

f(x) = af(x)

Scale:

Sa(x) = ax

S2(x)� S2(x1)� S2(x2)� S2(x3 � S2(ax)� aS2(x)� S2(x)� S2(y)� S2(x+ y)

S2(x) = 2x

aS2(x) = 2ax

S2(ax) = 2ax

S2(ax) = aS2(x)

S2(x+ y) = 2(x+ y)

S2(x) + S2(y) = 2x+ 2y

S2(x+ y) = S2(x) + S2(y)

Ss =


sx 0
0 sy

�

Ss =


0.5 0
0 2

�

s =
⇥
0.5 2

⇤T

Ssx0 � Ssx1 � Ssx2 � Ssx3

What transform places in the object in a coordinate space where the camera is at the 
origin and the camera is looking directly down the -z axis?

10

2

4

*  The convenience of such a coordinate system will become clear when we talk about projection!
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Camera looking in a different direction
Consider camera at origin looking in direction

y

z

x

What transform places in the object in a coordinate space where the camera is at the origin and the camera is looking directly down the -z axis?

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

4

Form orthonormal basis around       :  (see       and     )         

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

4

Consider orthogonal matrix:        

Lecture 3 Math

Rotations arbitrary:
u� v �w

R�1 = RT

R =

2

4
ux vx wx

uy vy wy

uz vz wz

3

5

RT =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

RTu =
⇥
u · u v · u w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w w ·w

⇤T
=

⇥
0 0 1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Projection:
p2D =

⇥
xx/xz xy/xz

⇤T

x =
⇥
xx xy xz 1

⇤

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤T

p2D-H =
⇥
xx xy xz

⇤T

p2D =
⇥
xx/xz xy/xz

⇤T

maps x-axis to     , y-axis to    , z axis to -             

Lecture 3 Math

Rotations arbitrary:
u� v �w

R�1 = RT

R =

2

4
ux vx wx

uy vy wy

uz vz wz

3

5

RT =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

RTu =
⇥
u · u v · u w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w w ·w

⇤T
=

⇥
0 0 1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Projection:
p2D =

⇥
xx/xz xy/xz

⇤T

x =
⇥
xx xy xz 1

⇤

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤T

p2D-H =
⇥
xx xy xz

⇤T

p2D =
⇥
xx/xz xy/xz

⇤T

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

4

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|

f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

4

Lecture 3 Math

Misc:

ax

Rotations arbitrary:

u� v �w

R�1 = RT

R =

2

4
ux vx �wx

uy vy �wy

uz vz �wz

3

5

R�1 = RT =

2

4
ux uy uz

vx vy vz

�wx �wy �wz

3

5

RTu =
⇥
u · u v · u �w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v �w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w �w ·w

⇤T
=

⇥
0 0 �1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Homogeneous:

x =
⇥
xx xy 1

⇤T

wx =
⇥
wxx wxy w

⇤T

Projection:

x2D =
⇥
xx/�xz xy/�xz

⇤T

x =
⇥
xx xy xz 1

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 �1 0

3

775

Px =
⇥
xx xy xz �xz

⇤T

x2D-H =
⇥
xx xy �xz

⇤T

x2D =
⇥
xx/�xz xy/�xz

⇤T

Lecture 3 Math

Misc:

ax

Rotations arbitrary:

u� v �w

R�1 = RT

R =

2

4
ux vx �wx

uy vy �wy

uz vz �wz

3

5

R�1 = RT =

2

4
ux uy uz

vx vy vz

�wx �wy �wz

3

5

RTu =
⇥
u · u v · u �w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v �w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w �w ·w

⇤T
=

⇥
0 0 �1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Homogeneous:

x =
⇥
xx xy 1

⇤T

wx =
⇥
wxx wxy w

⇤T

Projection:

x2D =
⇥
xx/�xz xy/�xz

⇤T

x =
⇥
xx xy xz 1

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 �1 0

3

775

Px =
⇥
xx xy xz �xz

⇤T

x2D-H =
⇥
xx xy �xz

⇤T

x2D =
⇥
xx/�xz xy/�xz

⇤T

Lecture 3 Math

Misc:

ax

Rotations arbitrary:

u� v �w

R�1 = RT

R =

2

4
ux vx �wx

uy vy �wy

uz vz �wz

3

5

R�1 = RT =

2

4
ux uy uz

vx vy vz

�wx �wy �wz

3

5

RTu =
⇥
u · u v · u �w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v �w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w �w ·w

⇤T
=

⇥
0 0 �1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Homogeneous:

x =
⇥
xx xy 1

⇤T

wx =
⇥
wxx wxy w

⇤T

Projection:

x2D =
⇥
xx/�xz xy/�xz

⇤T

x =
⇥
xx xy xz 1

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 �1 0

3

775

Px =
⇥
xx xy xz �xz

⇤T

x2D-H =
⇥
xx xy �xz

⇤T

x2D =
⇥
xx/�xz xy/�xz

⇤T

Lecture 3 Math

Misc:

ax

Rotations arbitrary:

u� v �w

R�1 = RT

R =

2

4
ux vx �wx

uy vy �wy

uz vz �wz

3

5

R�1 = RT =

2

4
ux uy uz

vx vy vz

�wx �wy �wz

3

5

RTu =
⇥
u · u v · u �w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v �w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w �w ·w

⇤T
=

⇥
0 0 �1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Homogeneous:

x =
⇥
xx xy 1

⇤T

wx =
⇥
wxx wxy w

⇤T

Projection:

x2D =
⇥
xx/�xz xy/�xz

⇤T

x =
⇥
xx xy xz 1

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 �1 0

3

775

Px =
⇥
xx xy xz �xz

⇤T

x2D-H =
⇥
xx xy �xz

⇤T

x2D =
⇥
xx/�xz xy/�xz

⇤T

Lecture 3 Math

Misc:

ax

Rotations arbitrary:

u� v �w

R�1 = RT

R =

2

4
ux vx �wx

uy vy �wy

uz vz �wz

3

5

R�1 = RT =

2

4
ux uy uz

vx vy vz

�wx �wy �wz

3

5

RTu =
⇥
u · u v · u �w · u

⇤T
=

⇥
1 0 0

⇤T

RTv =
⇥
u · v v · v �w · v

⇤T
=

⇥
0 1 0

⇤T

RTw =
⇥
u ·w v ·w �w ·w

⇤T
=

⇥
0 0 �1

⇤T

R�1 = RT
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = RT
uvwRz,✓Ruvw

Homogeneous:

x =
⇥
xx xy 1

⇤T

wx =
⇥
wxx wxy w

⇤T

Projection:

x2D =
⇥
xx/�xz xy/�xz

⇤T

x =
⇥
xx xy xz 1

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 �1 0

3

775

Px =
⇥
xx xy xz �xz

⇤T

x2D-H =
⇥
xx xy �xz

⇤T

x2D =
⇥
xx/�xz xy/�xz

⇤T

How do we invert?

Why is that the inverse?
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Self-check exercise (for home)
Given a camera position P 
And a camera orientation given by orthonormal basis u,v,w (camera looking in w) 
What is a transformation matrix that places the scene in a coordinate space where… 
- The camera is at the origin 
- The camera is looking down -z.
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Perspective projection

distant objects 
appear smaller

parallel lines 
converge at 
the horizon
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Early painting: incorrect perspective 

Carolingian painting from the 8-9th century
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Perspective in art

Giotto 1290
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Evolution toward correct perspective
First known perspective painting 
by Fillipo Brunelleshi

Masaccio – The Tribute Money c.1426-27 
Fresco, The Brancacci Chapel, Florence

Brunelleschi, elevation of Santo Spirito, 
1434-83, Florence

Ambrogio Lorenzetti 
Annunciation, 1344 
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Perspective in art

Delivery of the Keys (Sistine Chapel), Perugino, 1482
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Later… rejection of proper perspective projection
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Correct perspective in computer graphics



Stanford CS248A, Winter 2026

Rejection of perspective in computer graphics
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Basic perspective projection (in homogeneous coords)

Lecture 3 Math

x

f(x)

Pinhole 
Camera 

(0,0)

1

Assumption: 
Pinhole camera at (0,0) looking down z

f(x) = T3,1(S0.5(x))��f(x) = S0.5(T3,1(x))

f(x) = g(x) + b

Euclidean:

|f(x)� f(y)| = |x� y|
f(x) = R⇡/4S[1.5,1.5]x

x =
⇥
2 2

⇤

x =
⇥
0.5 1

⇤

x = e2 + e3

x = 2e1 + 2e2

x =
⇥
0.5 1

⇤

e1 � e2

Rotations arbitrary:

u� v �w

R
�1 = R

T

Ruvw =

2

4
ux uy uz

vx vy vz

wx wy wz

3

5

Ruvwu =
⇥
1 0 0

⇤

Ruvwv =
⇥
0 1 0

⇤

Ruvww =
⇥
0 0 1

⇤

R
�1
uvw = R

T
uvw =

2

4
ux vx wx

uy vy wy

uz vx wz

3

5

Rw,✓ = R
T
uvwRz,✓Ruvw

Complex:

z = a+ bi

i
2 = �1

(a+ bi)(c+ di) = (ac� bd) + (bc+ ad)i

iz = i(a+ bi) = �b+ ai

i(iz) = �a� bi = �z

R✓ = e
i✓ = cos ✓ + i sin ✓

Q = (qv,qw) = iqx + jqy + kqz + qw

Projection:

px = xx/xz

py = xy/xz

4

Projection:

px = xx/xz

py = xy/xz

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤

5

Projection:

p2D =
⇥
xx/xz xy/xz

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤T

p2D-H =
⇥
xx xy xz

⇤T

p2D =
⇥
xx/xz xy/xz

⇤T

5

Projection:

p2D =
⇥
xx/xz xy/xz

⇤T

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤T

p2D-H =
⇥
xx xy xz

⇤T

p2D =
⇥
xx/xz xy/xz

⇤T

5

Desired perspective projected result (2D point):

After applying       : point in 3D-H

Projection:

px = xx/xz

py = xy/xz

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤T

p2D-H =
⇥
xx xy xz

⇤T

p2D =
⇥
xx/xz xy/xz

⇤T

5

Projection:

px = xx/xz

py = xy/xz

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤

5

Input: point in 3D-H

Projection:

p2D =
⇥
xx/xz xy/xz

⇤T

x =
⇥
xx xy xz 1

⇤

P =

2

664

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

775

Px =
⇥
xx xy xz xz

⇤T

p2D-H =
⇥
xx xy xz

⇤T

p2D =
⇥
xx/xz xy/xz

⇤T

Matrix math:

Mx = x


a

c

�
+ y


b

d

�
=


ax+ by

cx+ dy

�
=


a b

c d

� 
x

y

�

5

After homogeneous divide:

(throw out third component to get 2D)
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A good exercise: 
Transforming points into screen-relative (pixel) coordinates
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Screen transformation (in 2D) *
Convert 2D points in a normalized coordinate space to screen pixel coordinates 
Example: all points within (-1,1) to (1,1) region are visible on screen 

(1,1) in normalized space maps to (W,0) in screen space 
(-1,-1) in normalized space maps to (0,H) in screen space

Lecture 3 Math

x

f(x)

Lecture 3 Math

x

f(x)

W

H (W,H)

(0,0)

(0,0)

(1,1)

Normalized coordinate space: Screen (W x H output image) coordinate space:

* This slide adopts convention that top-left of screen is (0,0). But many 3D graphics systems place (0,0) in bottom-left. In this case what would the transform be? 

(-1,-1)
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Screen transformation
Example: all points within (-1,1) to (1,1) region are on screen 

(1,1) in normalized space maps to (W,0) in screen space 
(-1,-1) in normalized space maps to (0,H) in screen space

Lecture 3 Math

x

f(x)(0,0)

(1,1)

Reflect(X) 
“about X” 

Lecture 3 Math

x

f(x)(0,0)

(1,-1)

(-1,1)(-1,-1)

Translate(1,1)

Lecture 3 Math

x

f(x)

(2,0)(0,0)

Scale(W/2, H/2)

(2,2)(0,2)

Lecture 3 Math

x

f(x)

(W,0)(0,0)

(W,H)(0,H)
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Transformations: from objects in 3D to their 2D screen positions

original description 
of objects

[WORLD COORDINATES]

vertex positions now expressed relative to camera; camera 
is sitting at origin looking down -z direction 

(Canonical frame of reference allows for use of canonical 
projection matrix in rasterization, or camera-position 

independent camera ray generation in a ray caster)

z
x

y

[VIEW COORDINATES] 
[aka CAMERA COORDINATES]

(0, 0)

(w, h)

Coordinate system corresponds to unit-size pixels 
(pixel centers at the half integer locations)

[SCREEN/WINDOW COORDINATES]

view 
transform

screen 
transform

description of object geometry 
(in a per-object coord frame) 

[OBJECT COORDINATES]

modeling 
transform
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Transformations: from objects in 3D to their 2D screen positions

original description 
of objects

[WORLD COORDINATES]

vertex positions now expressed relative to camera; 
camera is sitting at origin looking down -z direction 

(Canonical frame of reference allows for use of 
canonical projection matrix in rasterization, or 
simple camera ray generation in a ray caster)

z
x

y

[VIEW COORDINATES] 
[aka CAMERA COORDINATES]

(0, 0)

(w, h)
[SCREEN/WINDOW COORDINATES]

view 
transform

screen 
transform

description of object geometry 
(in a per-object coord frame) 

[OBJECT COORDINATES]

modeling 
transform

(-1,-1,-1)

(1,1,1)

[NORMALIZED DEVICE COORDINATES]

projection 
transform

Coordinate system corresponds to unit-size pixels 
(pixel centers at the half integer locations)
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Transformations summary
Transformations can be interpreted as operations that move points in space 
- e.g., for modeling, animation 

Or as a change of coordinate system 
- e.g., screen and view transforms 

Construct complex transformations as compositions of basic transforms 

Homogeneous coordinate representation allows for expression of non-linear transforms (e.g., translation, 
perspective projection) as matrix operations (linear transforms) in higher-dimensional space 

- Matrix representation affords simple implementation and efficient composition


