
Stanford CS348b Spring 2022

Monte Carlo 2

Today 

￭ Discrepancy and Quasi-Monte Carlo (QMC) 

￭ Low-discrepancy constructions 

￭ Halton, Hammersley, Sobol’ 

￭ Randomized low-discrepancy: RQMC 

￭ Spectral analysis of sampling patterns and MC

Lecture 18
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Warping Samples For MC Integration

Lecture 18
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Warping Samples For MC Integration

Cosine-weighted hemisphere sampling:

Lecture 18
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Three 2D Point Sets

Lecture 18
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Point Set Evaluation: Discrepancy

Lecture 18
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Three 2D Point Sets

Lecture 18
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Discrepancy (Empirical)

Lecture 18
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An (infinite) sequence of n samples in dimension d 
is low discrepancy if: 
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Low-Discrepancy Definition

Lecture 18

Dn = O

✓
(log n)d

n

◆

Dn = O

✓
(log n)d�1

n

◆

A (finite) set of n samples in dimension d is low 
discrepancy if: 
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Theorem on Total Variation

Koksma-Hlawka inequality:

Lecture 18
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Quasi-Monte Carlo Error Bounds

Lecture 18

Although error is bounded as |e|  V (f)DN

⇠ (log N)d

N

We can use this inequality to show that QMC 
error converges as:

not a tight bound! 

Even worse,        is sometimes unbounded V (f)

(recall that MC variance goes at           , 
so error goes at             .)

O(1/N)
<latexit sha1_base64="nmDh2bneyrtdVzbEi6ALNXmTn9w=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXupuFfRY8OJJK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53cyura+kZ+s7C1vbO7V9w/aGqZKEIbRHKp2gHWlDNBG4YZTtuxojgKOG0Fo+up33qiSjMpHsw4pn6EB4KFjGBjpeZd2Tu7Pe0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+SkTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzWrFO69U7y9KtXoWRx6O4BjK4MEl1OAG6tAAAo/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AOwljhY=</latexit>

O(1/
p
N)

<latexit sha1_base64="EjftmzmZL6bG+0/MIvA7qYqHtBo=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC+6iiR5JvHhSTOSRwIbMDgNMmH0w00tCNnyHFw8a49WP8ebfOMAeFKykk0pVd7q7vEgKjbb9bWXW1jc2t7LbuZ3dvf2D/OFRXYexYrzGQhmqpkc1lyLgNRQoeTNSnPqe5A1veDvzG2OutAiDJ5xE3PVpPxA9wSgayX0oOhdtPVKY3E/PO/mCXbLnIKvESUkBUlQ7+a92N2SxzwNkkmrdcuwI3YQqFEzyaa4dax5RNqR93jI0oD7XbjI/ekrOjNIlvVCZCpDM1d8TCfW1nvie6fQpDvSyNxP/81ox9m7cRARRjDxgi0W9WBIMySwB0hWKM5QTQyhTwtxK2IAqytDklDMhOMsvr5J6ueRclsqPV4VKNY0jCydwCkVw4BoqcAdVqAGDETzDK7xZY+vFerc+Fq0ZK505hj+wPn8AvXWReg==</latexit>
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Measured Quasi-Monte Carlo Error

Lecture 18
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Low-Discrepancy Point Sequences
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The Radical Inverse

Consider the digits of a number n, expressed in 
base b 

e.g. for n = 6 in base 2, n=1102, and 

The radical inverse mirrors the digits around the 
decimal:

Lecture 18

n =
1X

i=1

di b
(i�1)

d1 = 0, d2 = 1, d3 = 1, di = 0

�2(6) = 0.0112 = 0 · 2�1 + 1 · 2�2 + 1 · 2�3 = 0.375

�b(n) =
1X

i=1

di b
�i
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1D Low Discrepancy: van der Corput

Lecture 18

n

0 0

1 0.5

2 0.25

3 0.75

4 0.125

5 0.625

6 0.375

7 0.875

... ...

�2(n)
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Efficient Base 2 Radical Inverse

Assume a fixed number of bits (say 32): 

We have the sum: 

Pull out a factor of       : 

Can also express in terms of bit shifts:

Lecture 18

�b(n) =
32X

i=1

di b
�i

d1 2
�1 + d2 2

�2 + · · ·+ d32 2
�32

2�32 2�32(d1 2
31 + d2 2

30 + · · ·+ d32)

2�32((d1 << 31) + (d2 << 30) + · · ·+ d32)
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Efficient Base 2 Radical Inverse

We already  have the digits in the bits of n 

So 

￭ Reverse the bits 

￭Multiply by 

Lecture 18

2�32((d1 << 31) + (d2 << 30) + · · ·+ d32)

n =
1X

i=1

di b
(i�1)

32 31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

2�32



uint32_t ReverseBits(uint32_t n) { 

    n = (n << 16) | (n >> 16); 

    n = ((n & 0x00ff00ff) << 8) | ((n & 0xff00ff00) >> 8); 

    n = ((n & 0x0f0f0f0f) << 4) | ((n & 0xf0f0f0f0) >> 4); 

    n = ((n & 0x33333333) << 2) | ((n & 0xcccccccc) >> 2); 

    n = ((n & 0x55555555) << 1) | ((n & 0xaaaaaaaa) >> 1); 

    return n; 

}

32 31 30 29 28 27 26 25 24 23 22 21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 32 31 30 29 28 27 26 25 24 23 22 21 20 19 18 17

16 15 14 13 12 11 10 9 8 7 6 5 4 3 2 1 32 31 30 29 28 27 26 25 24 23 22 21 20 19 18 17

8 7 6 5 4 3 2 1 16 15 14 13 12 11 10 9 24 23 22 21 20 19 18 17 32 31 30 29 28 27 26 25

8 7 6 5 4 3 2 1 16 15 14 13 12 11 10 9 24 23 22 21 20 19 18 17 32 31 30 29 28 27 26 25

4 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13 20 19 18 17 24 23 22 21 28 27 26 25 32 31 30 29

4 3 2 1 8 7 6 5 12 11 10 9 16 15 14 13 20 19 18 17 24 23 22 21 28 27 26 25 32 31 30 29

2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 18 17 20 19 22 21 24 23 26 25 28 27 30 29 32 31

2 1 4 3 6 5 8 7 10 9 12 11 14 13 16 15 18 17 20 19 22 21 24 23 26 25 28 27 30 29 32 31

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32

Reversing Bits in Parallel
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Efficient van Der Corput

Lecture 18

float RadicalInverse2(uint32_t v) { 

  v = ReverseBits(v); 

  const float Inv2To32 = 1.f / (1ull << 32); 

  return v * Inv2To32; 

}

uint32_t ReverseBits(uint32_t n) { 
    n = (n << 16) | (n >> 16); 
    n = ((n & 0x00ff00ff) << 8) | ((n & 0xff00ff00) >> 8); 
    n = ((n & 0x0f0f0f0f) << 4) | ((n & 0xf0f0f0f0) >> 4); 
    n = ((n & 0x33333333) << 2) | ((n & 0xcccccccc) >> 2); 
    n = ((n & 0x55555555) << 1) | ((n & 0xaaaaaaaa) >> 1); 
    return n; 
}
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Radical Inverse Base 3

Lecture 18

n

0 0

1 0.333..

2 0.666…

3 0.111…

4 0.444…

5 0.777…

6 0.222…

7 0.555…

8 0.888…

�3(n)
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The Halton Sequence

Low discrepancy sequence 

￭ The dimensions’ bases are relatively prime 

￭ Arbitrary number of dimensions 

￭ Arbitrary number of points 

Lecture 18
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The Hammersley Point Set

If the number of points     is known in advance, 
set one dimension to 

Slightly lower discrepancy than Halton

Lecture 18
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Low-Dimensional Projections…

Caution: 2D projections of higher bases may not 
be great 

￭ The overall pattern remains low-discrepancy 
over all dimensions, though

Lecture 18

<latexit sha1_base64="HAdD0i2XcxrR5YHG5OCDf7/9fNY=">AAACBXicbVDLSgMxFL3js9bXqEtdBIvQgpSZWnzsim5cVrAPaEvJpGkbmskMSUYoQzdu/BU3LhRx6z+482/MtLPQ1gOBc8+5l5t7vJAzpR3n21paXlldW89sZDe3tnd27b39ugoiSWiNBDyQTQ8rypmgNc00p81QUux7nDa80U3iNx6oVCwQ93oc0o6PB4L1GcHaSF37KN+uDlk3Ll1N8qJwimbVmZtUha6dc4rOFGiRuCnJQYpq1/5q9wIS+VRowrFSLdcJdSfGUjPC6STbjhQNMRnhAW0ZKrBPVSeeXjFBJ0bpoX4gzRMaTdXfEzH2lRr7nun0sR6qeS8R//Nake5fdmImwkhTQWaL+hFHOkBJJKjHJCWajw3BRDLzV0SGWGKiTXBZE4I7f/IiqZeK7nmxfFfOVa7TODJwCMeQBxcuoAK3UIUaEHiEZ3iFN+vJerHerY9Z65KVzhzAH1ifPwjRll4=</latexit>

(�29(n),�31(n))
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Randomized Low Discrepancy

     are (random) permutations of the digits 

￭ Random permutations maintain LD 

Lecture 18

�b(n) =
1X

i=1

di b
�i

<latexit sha1_base64="qsCanNExCW7jd2DgxJKsAqoFJgI="></latexit>

�0
b(n) =

1X

i=1

�i(di)b
�i

Radical Inverse Permuted Radical Inverse

<latexit sha1_base64="mDNdGiAF+0FQm36w37AOug2VmyA=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqewWUY9FLx4r2A9ol5JNs21okl2TrFCW/gkvHhTx6t/x5r8xbfegrQ8GHu/NMDMvTAQ31vO+UWFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuhMQwwRVrWm4F6ySaERkK1g7HtzO//cS04bF6sJOEBZIMFY84JdZJnZ7hQ0n6vF+ueFVvDrxK/JxUIEejX/7qDWKaSqYsFcSYru8lNsiItpwKNi31UsMSQsdkyLqOKiKZCbL5vVN85pQBjmLtSlk8V39PZEQaM5Gh65TEjsyyNxP/87qpja6DjKsktUzRxaIoFdjGePY8HnDNqBUTRwjV3N2K6YhoQq2LqORC8JdfXiWtWtW/rNbuLyr1mzyOIpzAKZyDD1dQhztoQBMoCHiGV3hDj+gFvaOPRWsB5TPH8Afo8wcc/pAG</latexit>�i
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Halton + Random Digit Permutations

Lecture 18

<latexit sha1_base64="HAdD0i2XcxrR5YHG5OCDf7/9fNY=">AAACBXicbVDLSgMxFL3js9bXqEtdBIvQgpSZWnzsim5cVrAPaEvJpGkbmskMSUYoQzdu/BU3LhRx6z+482/MtLPQ1gOBc8+5l5t7vJAzpR3n21paXlldW89sZDe3tnd27b39ugoiSWiNBDyQTQ8rypmgNc00p81QUux7nDa80U3iNx6oVCwQ93oc0o6PB4L1GcHaSF37KN+uDlk3Ll1N8qJwimbVmZtUha6dc4rOFGiRuCnJQYpq1/5q9wIS+VRowrFSLdcJdSfGUjPC6STbjhQNMRnhAW0ZKrBPVSeeXjFBJ0bpoX4gzRMaTdXfEzH2lRr7nun0sR6qeS8R//Nake5fdmImwkhTQWaL+hFHOkBJJKjHJCWajw3BRDLzV0SGWGKiTXBZE4I7f/IiqZeK7nmxfFfOVa7TODJwCMeQBxcuoAK3UIUaEHiEZ3iFN+vJerHerY9Z65KVzhzAH1ifPwjRll4=</latexit>

(�29(n),�31(n))

Unscrambled Scrambled
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Owen Scrambling

Apply random digit permutations that depend on 
previous digits

Lecture 18

<latexit sha1_base64="qsCanNExCW7jd2DgxJKsAqoFJgI="></latexit>

�0
b(n) =

1X

i=1

�i(di)b
�i

Owen Scrambled Radical InversePermuted Radical Inverse

<latexit sha1_base64="FAVafUyz+ZEV9gddPqOSUehSh/w="></latexit>

�0
b(n) =

1X

i=1

�{d1,...,di�1}(di)b
�i
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Error With Owen Scrambling

Lecture 18
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Sobol’ Point Sets
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Generator Matrices

Given a base   and a matrix   , define: 

￭where    are the base-  digits of 

￭ and arithmetic is done over the ring  

￭ For our purposes, just do everything “mod b” 

This generates a set of     points 

Lecture 18

Zb

c(n) = (b�1, b�2, . . . , b�m)C

0

BBB@

d1
d2
...

dm

1

CCCA

<latexit sha1_base64="4W3lAUEm3GNkjod4S2CEllMiBO0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWw2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAqujet+O4W19Y3NreJ2aWd3b/+gfHjU0kmmGDZZIhLVCahGwSU2DTcCO6lCGgcC28Hodua3n1BpnshHM07Rj+lA8ogzaqz0EPZ5v1xxq+4cZJV4OalAjka//NULE5bFKA0TVOuu56bGn1BlOBM4LfUyjSllIzrArqWSxqj9yfzUKTmzSkiiRNmShszV3xMTGms9jgPbGVMz1MveTPzP62YmuvYnXKaZQckWi6JMEJOQ2d8k5AqZEWNLKFPc3krYkCrKjE2nZEPwll9eJa2LqndZrd3XKvWbPI4inMApnIMHV1CHO2hAExgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBFBo3N</latexit>

di

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

b
<latexit sha1_base64="xb41e4TjGgt0RXNCKj0RKqt9KKA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELh4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj2txvP6HSPJYPZpKgH9Gh5CFn1FipUesXS27ZXYCsEy8jJchQ7xe/eoOYpRFKwwTVuuu5ifGnVBnOBM4KvVRjQtmYDrFrqaQRan+6OHRGLqwyIGGsbElDFurviSmNtJ5Ege2MqBnpVW8u/ud1UxPe+lMuk9SgZMtFYSqIicn8azLgCpkRE0soU9zeStiIKsqMzaZgQ/BWX14nrauyd12uNCql6l0WRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJjTjNA=</latexit>

C

<latexit sha1_base64="fVYtN1fO879ZvvbO3E/FpGNntaU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPx8+M7w==</latexit>

b <latexit sha1_base64="kuvqsFNbjEvULVMnkk4XIG+iKgw=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2f+M+w==</latexit>n

<latexit sha1_base64="a9NDmvN7LTX6D+1O18U7wYSirww=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSNcxOZpMh81hmZoWw5BO8eFDEq1/kzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZPuo0fRK1f8qj8DWiZBTiqQo94rf3X7iqSCSks4NqYT+IkNM6wtI5xOSt3U0ASTER7QjqMSC2rCbHbqBJ04pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxVZgxmaSWSjJfFKccWYWmf6M+05RYPnYEE83crYgMscbEunRKLoRg8eVl0jyrBhfV87vzSu06j6MIR3AMpxDAJdTgFurQAAIDeIZXePO49+K9ex/z1oKXzxzCH3ifP0aFjc4=</latexit>

bm
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Generator Matrices

We’ll focus only on b=2, which allows particularly 
efficient implementation

Lecture 18

c(n) = (2�1, 2�2, . . . , 2�m)C

0

BBB@

d1
d2
...

dm

1

CCCA

Quiz: what happens if
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C = ?
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Sobol’ Point Sets

Sobol’ showed how to find generator matrices for 
LD point sets in base 2 

￭ Can scale low-discrepancy samples in 1000s 
of dimensions

Lecture 18

C0 C1 C2 C3

...
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32 2D Sobol’ Points

Lecture 18
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Elementary Intervals (1x32)

Lecture 18
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Elementary Intervals (2x16)

Lecture 18
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Elementary Intervals (4x8)

Lecture 18
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Elementary Intervals (8x4)

Lecture 18
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Elementary Intervals (16x2)

Lecture 18

0.2 0.4 0.6 0.8

0.2

0.4

0.6

0.8



Stanford CS348b Spring 2022

Elementary Intervals (32x1)

Lecture 18
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Independent Random Samples, n=16 
MSE 1x



Stratified Samples, n=16 
MSE 1/2.41x



Sobol’ Samples, n=16 
MSE 1/3.38x



Independent Random Samples, n=16 
MSE 1x



Stratified Samples, n=16 
MSE 1/2.12x



Sobol’ Samples, n=16 
MSE 1/3.95x



Warping Samples to a Quad Light

Stanford CS348b Spring 2022 Lecture 18

4x4 Stratified

16 Sobol’
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Sampling Motion Blur + Defocus

Lecture 18

Sobol’ 
MSE 1/1.80x

Halton 
MSE 1/1.13x

Independent 
MSE 1x



Stanford CS348b Spring 2022

(0,2)-sequences

In addition to satisfying general stratification 
properties, power-of-two length subsequences 
are well-distributed with respect to each other

Lecture 18
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Pixel * Light Sampling

Lecture 18
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Spectral Analysis of 
Sampling
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Measuring Point Set Quality

Some problems with discrepancy: 

￭ Anisotropic: rotating the points changes 
discrepancy 

￭Not shift-invariant: similarly for translation 

￭ Doesn’t account for human perception 

In general, can have low discrepancy yet still have 
points clumped together: 

Lecture 18



Stanford CS348b Spring 2022

Ambient Occlusion:

Lecture 18

Z

⌦
V (!) cos ✓ d!
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Reference Random BRandom A
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Blue Noise Dithering (Ulichney)

Lecture 18

White Blue
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Power Spectrum of Samples

Lecture 18

Samples Fourier Transform Radial Power Spectrum

<latexit sha1_base64="2Xzp3O+faul3wt/TLklTPD6Ld5E="></latexit>

Pf (!) = F (!)F (!)

= F (!)2 f is even
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Colors of Noise

Lecture 18

White Blue
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Ambient Occlusion, Revisited

Lecture 18

Z

⌦
V (!) cos ✓ d!
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Reference White NoiseBlue Noise



(0,2)-sequence

[Ahmed and Wonka 2020]



Blue Noise Sobol’

[Ahmed and Wonka 2020]
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Jittered Power Spectrum

Lecture 18

0

1
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Low Discrepancy Power Spectra

Lecture 18

Halton Sobol’
0

1
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Power Spectra and Aliasing

Lecture 18

Jittered

Halton
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Randomized LD Power Spectra

Lecture 18

Sobol’ Owen Scrambled Sobol’
0

1
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Integration Error when Sampling

Integral 

Sampled integral 

Lecture 18

Is(f) =

Z
f(x)s(x) dx =

1

N

X
f(xi)

s(x) =
1

N

NX

i=1

�(x� xi)
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Given samples    , definexi
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I(f) =

Z
f(x) dx

<latexit sha1_base64="MXtlzEVsK4DaMZFH2jH0c9hGIRE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjAi6EQpu6q6CfUBnKJlMpg3NPEgy0lK78FfcuFDErb/hzr8xbWehrQcCh3Pu5Z4cL+FMKsv6NnIrq2vrG/nNwtb2zu6euX/QlHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcDP1Ww9USBZH92qUUDfEvYgFjGClpa55dFsKyugaOSxSKCgNy8g5Q/6waxatijUDWiZ2RoqQod41vxw/JmlII0U4lrJjW4lyx1goRjidFJxU0gSTAe7RjqYRDql0x7P8E3SqFR8FsdBPx5ipvzfGOJRyFHp6MsSqLxe9qfif10lVcOWOWZSkikZkfihIOVIxmpaBfCYoUXykCSaC6ayI9LHAROnKCroEe/HLy6R5XrGtin13UazWsjrycAwnUAIbLqEKNahDAwg8wjO8wpvxZLwY78bHfDRnZDuH8AfG5w8sGpOk</latexit><latexit sha1_base64="MXtlzEVsK4DaMZFH2jH0c9hGIRE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjAi6EQpu6q6CfUBnKJlMpg3NPEgy0lK78FfcuFDErb/hzr8xbWehrQcCh3Pu5Z4cL+FMKsv6NnIrq2vrG/nNwtb2zu6euX/QlHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcDP1Ww9USBZH92qUUDfEvYgFjGClpa55dFsKyugaOSxSKCgNy8g5Q/6waxatijUDWiZ2RoqQod41vxw/JmlII0U4lrJjW4lyx1goRjidFJxU0gSTAe7RjqYRDql0x7P8E3SqFR8FsdBPx5ipvzfGOJRyFHp6MsSqLxe9qfif10lVcOWOWZSkikZkfihIOVIxmpaBfCYoUXykCSaC6ayI9LHAROnKCroEe/HLy6R5XrGtin13UazWsjrycAwnUAIbLqEKNahDAwg8wjO8wpvxZLwY78bHfDRnZDuH8AfG5w8sGpOk</latexit><latexit sha1_base64="MXtlzEVsK4DaMZFH2jH0c9hGIRE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjAi6EQpu6q6CfUBnKJlMpg3NPEgy0lK78FfcuFDErb/hzr8xbWehrQcCh3Pu5Z4cL+FMKsv6NnIrq2vrG/nNwtb2zu6euX/QlHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcDP1Ww9USBZH92qUUDfEvYgFjGClpa55dFsKyugaOSxSKCgNy8g5Q/6waxatijUDWiZ2RoqQod41vxw/JmlII0U4lrJjW4lyx1goRjidFJxU0gSTAe7RjqYRDql0x7P8E3SqFR8FsdBPx5ipvzfGOJRyFHp6MsSqLxe9qfif10lVcOWOWZSkikZkfihIOVIxmpaBfCYoUXykCSaC6ayI9LHAROnKCroEe/HLy6R5XrGtin13UazWsjrycAwnUAIbLqEKNahDAwg8wjO8wpvxZLwY78bHfDRnZDuH8AfG5w8sGpOk</latexit><latexit sha1_base64="MXtlzEVsK4DaMZFH2jH0c9hGIRE=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFaEHKjAi6EQpu6q6CfUBnKJlMpg3NPEgy0lK78FfcuFDErb/hzr8xbWehrQcCh3Pu5Z4cL+FMKsv6NnIrq2vrG/nNwtb2zu6euX/QlHEqCG2QmMei7WFJOYtoQzHFaTsRFIcepy1vcDP1Ww9USBZH92qUUDfEvYgFjGClpa55dFsKyugaOSxSKCgNy8g5Q/6waxatijUDWiZ2RoqQod41vxw/JmlII0U4lrJjW4lyx1goRjidFJxU0gSTAe7RjqYRDql0x7P8E3SqFR8FsdBPx5ipvzfGOJRyFHp6MsSqLxe9qfif10lVcOWOWZSkikZkfihIOVIxmpaBfCYoUXykCSaC6ayI9LHAROnKCroEe/HLy6R5XrGtin13UazWsjrycAwnUAIbLqEKNahDAwg8wjO8wpvxZLwY78bHfDRnZDuH8AfG5w8sGpOk</latexit>
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Integration Error when Sampling

Sampled integral 

Since: 

Error

Lecture 18

Is(f) =

Z
f(x)s(x) dx =

1

N

X
f(xi)

I(f) =

Z
f(x) dx = F (0)

Is(f) =

Z
f(x)s(x) dx = F (!)� S(!)|!=0

� = F (0)� F (!)� S(!)|!=0

f(x)s(x) $ F (!)� S(!)
<latexit sha1_base64="B55jO/rZqvO+PovQ7f2U9EFk9Ko=">AAACHnicbVBNS8NAEN34bf2KevSyWIR6KYkoehQE8VjRVqENZbOdtEs32bA7UUvxl3jxr3jxoIjgSf+NmxpBqw9meLw3w+68MJXCoOd9OBOTU9Mzs3PzpYXFpeUVd3WtYVSmOdS5kkpfhsyAFAnUUaCEy1QDi0MJF2H/KPcvrkAboZJzHKQQxKybiEhwhlZqu3tR5Wabmry1JESoRbeHTGt1TY8rLRVDl1lHpTIz9OxbKLXdslf1RqB/iV+QMilQa7tvrY7iWQwJcsmMafpeisGQaRRcwm2plRlIGe+zLjQtTVgMJhiOzrulW1bp0EhpWwnSkfpzY8hiYwZxaCdjhj0z7uXif14zw+ggGIokzRAS/vVQlEmKiuZZ0Y7QwFEOLGFcC/tXyntMM4420TwEf/zkv6SxU/W9qn+6Wz48KeKYIxtkk1SIT/bJITkhNVInnNyRB/JEnp1759F5cV6/RiecYmed/ILz/glL7qC8</latexit><latexit sha1_base64="B55jO/rZqvO+PovQ7f2U9EFk9Ko=">AAACHnicbVBNS8NAEN34bf2KevSyWIR6KYkoehQE8VjRVqENZbOdtEs32bA7UUvxl3jxr3jxoIjgSf+NmxpBqw9meLw3w+68MJXCoOd9OBOTU9Mzs3PzpYXFpeUVd3WtYVSmOdS5kkpfhsyAFAnUUaCEy1QDi0MJF2H/KPcvrkAboZJzHKQQxKybiEhwhlZqu3tR5Wabmry1JESoRbeHTGt1TY8rLRVDl1lHpTIz9OxbKLXdslf1RqB/iV+QMilQa7tvrY7iWQwJcsmMafpeisGQaRRcwm2plRlIGe+zLjQtTVgMJhiOzrulW1bp0EhpWwnSkfpzY8hiYwZxaCdjhj0z7uXif14zw+ggGIokzRAS/vVQlEmKiuZZ0Y7QwFEOLGFcC/tXyntMM4420TwEf/zkv6SxU/W9qn+6Wz48KeKYIxtkk1SIT/bJITkhNVInnNyRB/JEnp1759F5cV6/RiecYmed/ILz/glL7qC8</latexit><latexit sha1_base64="B55jO/rZqvO+PovQ7f2U9EFk9Ko=">AAACHnicbVBNS8NAEN34bf2KevSyWIR6KYkoehQE8VjRVqENZbOdtEs32bA7UUvxl3jxr3jxoIjgSf+NmxpBqw9meLw3w+68MJXCoOd9OBOTU9Mzs3PzpYXFpeUVd3WtYVSmOdS5kkpfhsyAFAnUUaCEy1QDi0MJF2H/KPcvrkAboZJzHKQQxKybiEhwhlZqu3tR5Wabmry1JESoRbeHTGt1TY8rLRVDl1lHpTIz9OxbKLXdslf1RqB/iV+QMilQa7tvrY7iWQwJcsmMafpeisGQaRRcwm2plRlIGe+zLjQtTVgMJhiOzrulW1bp0EhpWwnSkfpzY8hiYwZxaCdjhj0z7uXif14zw+ggGIokzRAS/vVQlEmKiuZZ0Y7QwFEOLGFcC/tXyntMM4420TwEf/zkv6SxU/W9qn+6Wz48KeKYIxtkk1SIT/bJITkhNVInnNyRB/JEnp1759F5cV6/RiecYmed/ILz/glL7qC8</latexit><latexit sha1_base64="B55jO/rZqvO+PovQ7f2U9EFk9Ko=">AAACHnicbVBNS8NAEN34bf2KevSyWIR6KYkoehQE8VjRVqENZbOdtEs32bA7UUvxl3jxr3jxoIjgSf+NmxpBqw9meLw3w+68MJXCoOd9OBOTU9Mzs3PzpYXFpeUVd3WtYVSmOdS5kkpfhsyAFAnUUaCEy1QDi0MJF2H/KPcvrkAboZJzHKQQxKybiEhwhlZqu3tR5Wabmry1JESoRbeHTGt1TY8rLRVDl1lHpTIz9OxbKLXdslf1RqB/iV+QMilQa7tvrY7iWQwJcsmMafpeisGQaRRcwm2plRlIGe+zLjQtTVgMJhiOzrulW1bp0EhpWwnSkfpzY8hiYwZxaCdjhj0z7uXif14zw+ggGIokzRAS/vVQlEmKiuZZ0Y7QwFEOLGFcC/tXyntMM4420TwEf/zkv6SxU/W9qn+6Wz48KeKYIxtkk1SIT/bJITkhNVInnNyRB/JEnp1759F5cV6/RiecYmed/ILz/glL7qC8</latexit>
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Integration in the Frequency Domain

Lecture 18

[Durand 2011]
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Variance Analysis

Recall error is: 

Can show that: 

where         is the power spectrum of the signal

Lecture 18

� = F (0)� F (!)� S(!)|!=0

V /
Z

⌦�{0}
PF (!)PS(!) d!

<latexit sha1_base64="rxvQYy/H8LnDT6wiUmeqqEMppBQ="></latexit><latexit sha1_base64="rxvQYy/H8LnDT6wiUmeqqEMppBQ="></latexit><latexit sha1_base64="rxvQYy/H8LnDT6wiUmeqqEMppBQ="></latexit><latexit sha1_base64="rxvQYy/H8LnDT6wiUmeqqEMppBQ="></latexit>

P⇤(!)
<latexit sha1_base64="iUupPO9Btb4kvNsn5fSJEpDQz4k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQPYRdEfQY8JJjBPOAZAmzk95kyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gobm1vbO8Xd0t7+weFR+fikbVSqKbSo4kp3I2KAMwktyyyHbqKBiIhDJ5rcz/3OE2jDlHy00wRCQUaSxYwS66Rec3BV7SsBI3I5KFf8mr8AXidBTiooR3NQ/uoPFU0FSEs5MaYX+IkNM6ItoxxmpX5qICF0QkbQc1QSASbMFifP8IVThjhW2pW0eKH+nsiIMGYqItcpiB2bVW8u/uf1UhvfhRmTSWpB0uWiOOXYKjz/Hw+ZBmr51BFCNXO3YjommlDrUiq5EILVl9dJ+7oW+LXg4aZSb+RxFNEZOkdVFKBbVEcN1EQtRJFCz+gVvXnWe/HevY9la8HLZ07RH3ifPxnSkH0=</latexit><latexit sha1_base64="iUupPO9Btb4kvNsn5fSJEpDQz4k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQPYRdEfQY8JJjBPOAZAmzk95kyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gobm1vbO8Xd0t7+weFR+fikbVSqKbSo4kp3I2KAMwktyyyHbqKBiIhDJ5rcz/3OE2jDlHy00wRCQUaSxYwS66Rec3BV7SsBI3I5KFf8mr8AXidBTiooR3NQ/uoPFU0FSEs5MaYX+IkNM6ItoxxmpX5qICF0QkbQc1QSASbMFifP8IVThjhW2pW0eKH+nsiIMGYqItcpiB2bVW8u/uf1UhvfhRmTSWpB0uWiOOXYKjz/Hw+ZBmr51BFCNXO3YjommlDrUiq5EILVl9dJ+7oW+LXg4aZSb+RxFNEZOkdVFKBbVEcN1EQtRJFCz+gVvXnWe/HevY9la8HLZ07RH3ifPxnSkH0=</latexit><latexit sha1_base64="iUupPO9Btb4kvNsn5fSJEpDQz4k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQPYRdEfQY8JJjBPOAZAmzk95kyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gobm1vbO8Xd0t7+weFR+fikbVSqKbSo4kp3I2KAMwktyyyHbqKBiIhDJ5rcz/3OE2jDlHy00wRCQUaSxYwS66Rec3BV7SsBI3I5KFf8mr8AXidBTiooR3NQ/uoPFU0FSEs5MaYX+IkNM6ItoxxmpX5qICF0QkbQc1QSASbMFifP8IVThjhW2pW0eKH+nsiIMGYqItcpiB2bVW8u/uf1UhvfhRmTSWpB0uWiOOXYKjz/Hw+ZBmr51BFCNXO3YjommlDrUiq5EILVl9dJ+7oW+LXg4aZSb+RxFNEZOkdVFKBbVEcN1EQtRJFCz+gVvXnWe/HevY9la8HLZ07RH3ifPxnSkH0=</latexit><latexit sha1_base64="iUupPO9Btb4kvNsn5fSJEpDQz4k=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQPYRdEfQY8JJjBPOAZAmzk95kyDyWmVkhLPkMLx4U8erXePNvnCR70MSChqKqm+6uKOHMWN//9gobm1vbO8Xd0t7+weFR+fikbVSqKbSo4kp3I2KAMwktyyyHbqKBiIhDJ5rcz/3OE2jDlHy00wRCQUaSxYwS66Rec3BV7SsBI3I5KFf8mr8AXidBTiooR3NQ/uoPFU0FSEs5MaYX+IkNM6ItoxxmpX5qICF0QkbQc1QSASbMFifP8IVThjhW2pW0eKH+nsiIMGYqItcpiB2bVW8u/uf1UhvfhRmTSWpB0uWiOOXYKjz/Hw+ZBmr51BFCNXO3YjommlDrUiq5EILVl9dJ+7oW+LXg4aZSb+RxFNEZOkdVFKBbVEcN1EQtRJFCz+gVvXnWe/HevY9la8HLZ07RH3ifPxnSkH0=</latexit>



Stanford CS348b Spring 2022

Power Spectra and Variance

Lecture 18

Jittered Poisson Disk Blue Noise

[Pilleboue et al. 2015]


