
Reflection Models II

Last lecture 

￭ The reflection equation and the BRDF 

￭ Ideal reflection and refraction 

￭ Diffuse surfaces and layered materials 

Today 

￭Microfacet models 

￭ Advanced topics: inter-reflection, wave effects, glints 

￭ Layered reflection
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Properties of BRDFs

3. Isotropic: BRDF is a 3D function 

Lecture 8
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Anisotropic: e.g., brushed metal
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The BRDF

Bidirectional Reflectance-Distribution Function
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The Reflection Equation

Stanford CS348b Spring 2022 Lecture 9

n
o

i

BRDF Illumination
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https://twitter.com/Cmdr_Hadfield/status/318986491063828480/photo/1

Microfacet Reflection

https://twitter.com/Cmdr_Hadfield/status/318986491063828480/photo/1


Bouguer’s “little faces”
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P. Bouguer, Optical Treatise on the Gradation of Light, 1760



Microfacet Scattering Models

Rough surface 

￭ Smooth at wavelength scale 

￭ Rough at microscale 

￭ Flat at macroscale 

Individual elements of surface act like mirrors
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Microfacet Scattering Models



▪ Incident irradiance Ei illuminates macrosurface 
area dA from direction 

▪ Scattered radiance L is measured in direction

Microfacet Scattering Models
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▪ Gives the one microsurface normal     that will 
scatter light from    to

“Half-Vector” Function
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▪ Measures density of microsurface area w.r.t. 
microsurface normal 

▪ The ratio of microsurface area 
dAm to macrosurface area 
dA is 

▪ Normalization constraint:

Normal Distribution Function
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Attenuation Function

Gives the fraction of power incident on the scattering 
area       that is scattered 

Scattered power is related to the incident 
irradiance by the attenuation and 
the scattering area, projected in  
the incident direction
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Self-Shadowing
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Without self-shadowing With self-shadowing



Shadowing-Masking Function

Measures fraction of microsurface points with 
normal     that are visible in directions     and
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Smith Self-Shadowing Function

Assume probability of 

shadowing is independent 

of the normal 
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Smith Self-Shadowing Function

Stanford CS348b Spring 2022 Lecture 9

- �
2 - �

4 0 �
4

�
2

0.5
�=0.05
�=0.25
�=0.75

Roughness

<latexit sha1_base64="eFG8xLdGzWdZJJ++Q0Q95b2n4lc=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRD0GPJhjBPOQZAmzk95kyDyWmVkhhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXlHBmrO9/e7m19Y3Nrfx2YWd3b/+geHjUNCrVFBpUcaXbETHAmYSGZZZDO9FARMShFY1uZ37rCbRhSj7YcQKhIAPJYkaJddLjXbmrBAzIea9Y8iv+HHiVBBkpoQz1XvGr21c0FSAt5cSYTuAnNpwQbRnlMC10UwMJoSMygI6jkggw4WR+8BSfOaWPY6VdSYvn6u+JCRHGjEXkOgWxQ7PszcT/vE5q45twwmSSWpB0sShOObYKz77HfaaBWj52hFDN3K2YDokm1LqMCi6EYPnlVdK8qARXleD+slStZXHk0Qk6RWUUoGtURTVURw1EkUDP6BW9edp78d69j0VrzstmjtEfeJ8/7uuP3Q==</latexit>

G(!)



Joint Masking-Shadowing
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<latexit sha1_base64="OBvz7Euns6EX4PjPab/GW+U375E=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXVZUNBlBfuAzjBk0kwbmkyGJCPUofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKS8srq2vl9crG5tb2jr2711YilZi0sGBCdkOkCKMxaWmqGekmkiAeMtIJR1e533kgUlER3+txQnyOBjGNKEbaSIF9cFPzBCcDFHgc6aHkGZ2cBHbVqTtTwEXiFqQKCjQD+8vrC5xyEmvMkFI910m0nyGpKWZkUvFSRRKER2hAeobGiBPlZ9P0E3hslD6MhDQv1nCq/t7IEFdqzEMzmUdU814u/uf1Uh1d+hmNk1STGM8ORSmDWsC8CtinkmDNxoYgLKnJCvEQSYS1KaxiSnDnv7xI2qd197zu3p1VG9dFHWVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MRstWcXOPvgD6/MHQYuVHQ==</latexit>

G(!i)
<latexit sha1_base64="HesMxbezNTQjD0VrRk6oSFXxfpk=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXVZUNBlBfuAzjBk0kwbmkyGJCPUofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKS8srq2vl9crG5tb2jr2711YilZi0sGBCdkOkCKMxaWmqGekmkiAeMtIJR1e533kgUlER3+txQnyOBjGNKEbaSIF9cFPzBCcDFHgc6aHkmZicBHbVqTtTwEXiFqQKCjQD+8vrC5xyEmvMkFI910m0nyGpKWZkUvFSRRKER2hAeobGiBPlZ9P0E3hslD6MhDQv1nCq/t7IEFdqzEMzmUdU814u/uf1Uh1d+hmNk1STGM8ORSmDWsC8CtinkmDNxoYgLKnJCvEQSYS1KaxiSnDnv7xI2qd197zu3p1VG9dFHWVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MRstWcXOPvgD6/MHSq+VIw==</latexit>

G(!o) Uncorrelated         and 
<latexit sha1_base64="OBvz7Euns6EX4PjPab/GW+U375E=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXVZUNBlBfuAzjBk0kwbmkyGJCPUofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKS8srq2vl9crG5tb2jr2711YilZi0sGBCdkOkCKMxaWmqGekmkiAeMtIJR1e533kgUlER3+txQnyOBjGNKEbaSIF9cFPzBCcDFHgc6aHkGZ2cBHbVqTtTwEXiFqQKCjQD+8vrC5xyEmvMkFI910m0nyGpKWZkUvFSRRKER2hAeobGiBPlZ9P0E3hslD6MhDQv1nCq/t7IEFdqzEMzmUdU814u/uf1Uh1d+hmNk1STGM8ORSmDWsC8CtinkmDNxoYgLKnJCvEQSYS1KaxiSnDnv7xI2qd197zu3p1VG9dFHWVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MRstWcXOPvgD6/MHQYuVHQ==</latexit>

G(!i)
<latexit sha1_base64="HesMxbezNTQjD0VrRk6oSFXxfpk=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZQZEXVZUNBlBfuAzjBk0kwbmkyGJCPUofgrblwo4tb/cOffmGlnoa0HAodz7uWenDBhVGnH+bZKS8srq2vl9crG5tb2jr2711YilZi0sGBCdkOkCKMxaWmqGekmkiAeMtIJR1e533kgUlER3+txQnyOBjGNKEbaSIF9cFPzBCcDFHgc6aHkmZicBHbVqTtTwEXiFqQKCjQD+8vrC5xyEmvMkFI910m0nyGpKWZkUvFSRRKER2hAeobGiBPlZ9P0E3hslD6MhDQv1nCq/t7IEFdqzEMzmUdU814u/uf1Uh1d+hmNk1STGM8ORSmDWsC8CtinkmDNxoYgLKnJCvEQSYS1KaxiSnDnv7xI2qd197zu3p1VG9dFHWVwCI5ADbjgAjTALWiCFsDgETyDV/BmPVkv1rv1MRstWcXOPvgD6/MHSq+VIw==</latexit>

G(!o)

<latexit sha1_base64="FUt12uO19CQl/lPNsC+vXq21oGo=">AAACLXicbVDLSgMxFM3UV62vUZdugkVoQcqMiLosWNBlBfuAzlAyadqGJpMhyYhl6A+58VdEcFERt/6GmXYW2vZA4HDOueTeE0SMKu04Uyu3tr6xuZXfLuzs7u0f2IdHTSViiUkDCyZkO0CKMBqShqaakXYkCeIBI61gdJv6rSciFRXhox5HxOdoENI+xUgbqWvX7kqe4GSAuh5Heih5QifncEESkzL0UBRJ8QxX5Mtdu+hUnBngMnEzUgQZ6l373esJHHMSasyQUh3XibSfIKkpZmRS8GJFIoRHaEA6hoaIE+Uns2sn8MwoPdgX0rxQw5n6dyJBXKkxD0wyXVEteqm4yuvEun/jJzSMYk1CPP+oHzOoBUyrgz0qCdZsbAjCkppdIR4iibA2BRdMCe7iycukeVFxryruw2WxWsvqyIMTcApKwAXXoAruQR00AAYv4A1Mwaf1an1YX9b3PJqzsplj8A/Wzy/xKqkx</latexit>

G(!i,!o) ⇡ G(!i)
<latexit sha1_base64="IP6Hb+mREso5kK+UD3Qm3X6DdL4=">AAACRXicbVBLSwMxGMz6rPVV9eglWIQKpeyKqMeCgh4r2Ad0lyWbZtvQZLMkWbEs++e8ePfmP/DiQRGvmm170LYDgWFmPr4vE8SMKm3br9bS8srq2npho7i5tb2zW9rbbymRSEyaWDAhOwFShNGINDXVjHRiSRAPGGkHw6vcbz8QqaiI7vUoJh5H/YiGFCNtJL/k3lRcwUkf+S5HeiB5SrMqnJFEdgJdFMdSPMIFeWNW53Uz5JfKds0eA84TZ0rKYIqGX3pxewInnEQaM6RU17Fj7aVIaooZyYpuokiM8BD1SdfQCHGivHTcQgaPjdKDoZDmRRqO1b8TKeJKjXhgkvmJatbLxUVeN9HhpZfSKE40ifBkUZgwqAXMK4U9KgnWbGQIwpKaWyEeIImwNsUXTQnO7JfnSeu05pzXnLuzcv16WkcBHIIjUAEOuAB1cAsaoAkweAJv4AN8Ws/Wu/VlfU+iS9Z05gD8g/XzCwW7spE=</latexit>

G(!i,!o) ⇡ G(!i)G(!o)



Torrance-Sparrow BRDF

Derivation is independent of a particular 
microfacet distribution function 

Can use either conductor or dielectric Fresnel 
functions 

See full derivation in Section 8.4.2
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fr(!i ! !o) =
D(!h)G(!i,!o)Fr(!o)

4 cos ✓i cos ✓o



Microfacet Reflection



Microfacet Reflection + Transmission



Microfacet Distribution Functions



Gaussian Rough Surface

Gaussian distribution 

of heights 
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Beckmann Distribution

Gaussian distribution 

of heights 

Beckmann distribution of normals 
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D(!m) =
e

� tan2 ✓m
↵2

⇡↵2 cos4 ✓m
<latexit sha1_base64="hvqDzYZvVkQd5CZSFGIQkiGwRVM="></latexit><latexit sha1_base64="hvqDzYZvVkQd5CZSFGIQkiGwRVM="></latexit><latexit sha1_base64="hvqDzYZvVkQd5CZSFGIQkiGwRVM="></latexit><latexit sha1_base64="hvqDzYZvVkQd5CZSFGIQkiGwRVM="></latexit>

↵ =
p
2
�

⌧
<latexit sha1_base64="Is6RmdgIzf4z2DPpuugjf0RnQ1U=">AAACD3icbVC7SgNBFJ31GeNr1dJmMChWYTcI2ggBm5QRzAOyIdydTJIhsw9n7gph2T+w8VdsLBSxtbXzb5xNUmjigYHDOfdw5x4/lkKj43xbK6tr6xubha3i9s7u3r59cNjUUaIYb7BIRqrtg+ZShLyBAiVvx4pD4Eve8sc3ud964EqLKLzDScy7AQxDMRAM0Eg9+8wDGY+AXlNP3ytMKxlNPS2GAVAvMkHqISRZsWeXnLIzBV0m7pyUyBz1nv3l9SOWBDxEJkHrjuvE2E1BoWCSZ0Uv0TwGNoYh7xgaQsB1N53ek9FTo/TpIFLmhUin6u9ECoHWk8A3kwHgSC96ufif10lwcNVNRRgnyEM2WzRIJMWI5uXQvlCcoZwYAkwJ81fKRqCAoakwL8FdPHmZNCtl1ym7txelam1eR4EckxNyTlxySaqkRuqkQRh5JM/klbxZT9aL9W59zEZXrHnmiPyB9fkD16+b6Q==</latexit><latexit sha1_base64="Is6RmdgIzf4z2DPpuugjf0RnQ1U=">AAACD3icbVC7SgNBFJ31GeNr1dJmMChWYTcI2ggBm5QRzAOyIdydTJIhsw9n7gph2T+w8VdsLBSxtbXzb5xNUmjigYHDOfdw5x4/lkKj43xbK6tr6xubha3i9s7u3r59cNjUUaIYb7BIRqrtg+ZShLyBAiVvx4pD4Eve8sc3ud964EqLKLzDScy7AQxDMRAM0Eg9+8wDGY+AXlNP3ytMKxlNPS2GAVAvMkHqISRZsWeXnLIzBV0m7pyUyBz1nv3l9SOWBDxEJkHrjuvE2E1BoWCSZ0Uv0TwGNoYh7xgaQsB1N53ek9FTo/TpIFLmhUin6u9ECoHWk8A3kwHgSC96ufif10lwcNVNRRgnyEM2WzRIJMWI5uXQvlCcoZwYAkwJ81fKRqCAoakwL8FdPHmZNCtl1ym7txelam1eR4EckxNyTlxySaqkRuqkQRh5JM/klbxZT9aL9W59zEZXrHnmiPyB9fkD16+b6Q==</latexit><latexit sha1_base64="Is6RmdgIzf4z2DPpuugjf0RnQ1U=">AAACD3icbVC7SgNBFJ31GeNr1dJmMChWYTcI2ggBm5QRzAOyIdydTJIhsw9n7gph2T+w8VdsLBSxtbXzb5xNUmjigYHDOfdw5x4/lkKj43xbK6tr6xubha3i9s7u3r59cNjUUaIYb7BIRqrtg+ZShLyBAiVvx4pD4Eve8sc3ud964EqLKLzDScy7AQxDMRAM0Eg9+8wDGY+AXlNP3ytMKxlNPS2GAVAvMkHqISRZsWeXnLIzBV0m7pyUyBz1nv3l9SOWBDxEJkHrjuvE2E1BoWCSZ0Uv0TwGNoYh7xgaQsB1N53ek9FTo/TpIFLmhUin6u9ECoHWk8A3kwHgSC96ufif10lwcNVNRRgnyEM2WzRIJMWI5uXQvlCcoZwYAkwJ81fKRqCAoakwL8FdPHmZNCtl1ym7txelam1eR4EckxNyTlxySaqkRuqkQRh5JM/klbxZT9aL9W59zEZXrHnmiPyB9fkD16+b6Q==</latexit><latexit sha1_base64="Is6RmdgIzf4z2DPpuugjf0RnQ1U=">AAACD3icbVC7SgNBFJ31GeNr1dJmMChWYTcI2ggBm5QRzAOyIdydTJIhsw9n7gph2T+w8VdsLBSxtbXzb5xNUmjigYHDOfdw5x4/lkKj43xbK6tr6xubha3i9s7u3r59cNjUUaIYb7BIRqrtg+ZShLyBAiVvx4pD4Eve8sc3ud964EqLKLzDScy7AQxDMRAM0Eg9+8wDGY+AXlNP3ytMKxlNPS2GAVAvMkHqISRZsWeXnLIzBV0m7pyUyBz1nv3l9SOWBDxEJkHrjuvE2E1BoWCSZ0Uv0TwGNoYh7xgaQsB1N53ek9FTo/TpIFLmhUin6u9ECoHWk8A3kwHgSC96ufif10lwcNVNRRgnyEM2WzRIJMWI5uXQvlCcoZwYAkwJ81fKRqCAoakwL8FdPHmZNCtl1ym7txelam1eR4EckxNyTlxySaqkRuqkQRh5JM/klbxZT9aL9W59zEZXrHnmiPyB9fkD16+b6Q==</latexit>



Trowbridge-Reitz (GGX) Distribution

Ellipsoidal  

Normal distribution 
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D(!m) =
1

⇡↵2 cos4 ✓m(1 + tan2 ✓m
↵2 )2

<latexit sha1_base64="oVCqrGcevSSHl3BnxBRinCzsSLE="></latexit><latexit sha1_base64="oVCqrGcevSSHl3BnxBRinCzsSLE="></latexit><latexit sha1_base64="oVCqrGcevSSHl3BnxBRinCzsSLE="></latexit><latexit sha1_base64="oVCqrGcevSSHl3BnxBRinCzsSLE="></latexit>

z = ↵(1� x2 � y2)(1/2)
<latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="b1lb+2ArAJL4EAT8HTKlHpDFqZc=">AAAB+nicbZBLTwIxFIXv4AsRdXSri0ZiAgtwOhvdmJi4cYmJPBIYSKcUaOg80naM44SNG/+KGxca4w9x579xBlgoeJImX85pc3uPGwqutGV9G7m19Y3Nrfx2Yae4u7dvHhSbKogkZQ0aiEC2XaKY4D5raK4Fa4eSEc8VrOVOrrO8dc+k4oF/p+OQOR4Z+XzIKdGp1TePHy+7RIRjUsbVh55djXt2pZeU8ZldmRb6ZsmqWTOhVcALKMFC9b751R0ENPKYr6kgSnWwFWonIVJzKti00I0UCwmdkBHrpOgTjyknmW0xRaepM0DDQKbH12jm/n6REE+p2HPTmx7RY7WcZeZ/WSfSwwsn4X4YaebT+aBhJJAOUFYJGnDJqBZxCoRKnv4V0TGRhOq0uKwEvLzyKjTtGrZq+NaCPBzBCZQBwzlcwQ3UoQEUnuAF3uDdeDZejY95XTlj0dsh/JHx+QMoXpSc</latexit><latexit sha1_base64="b1lb+2ArAJL4EAT8HTKlHpDFqZc=">AAAB+nicbZBLTwIxFIXv4AsRdXSri0ZiAgtwOhvdmJi4cYmJPBIYSKcUaOg80naM44SNG/+KGxca4w9x579xBlgoeJImX85pc3uPGwqutGV9G7m19Y3Nrfx2Yae4u7dvHhSbKogkZQ0aiEC2XaKY4D5raK4Fa4eSEc8VrOVOrrO8dc+k4oF/p+OQOR4Z+XzIKdGp1TePHy+7RIRjUsbVh55djXt2pZeU8ZldmRb6ZsmqWTOhVcALKMFC9b751R0ENPKYr6kgSnWwFWonIVJzKti00I0UCwmdkBHrpOgTjyknmW0xRaepM0DDQKbH12jm/n6REE+p2HPTmx7RY7WcZeZ/WSfSwwsn4X4YaebT+aBhJJAOUFYJGnDJqBZxCoRKnv4V0TGRhOq0uKwEvLzyKjTtGrZq+NaCPBzBCZQBwzlcwQ3UoQEUnuAF3uDdeDZejY95XTlj0dsh/JHx+QMoXpSc</latexit><latexit sha1_base64="7h6oMoLUEssetj99hX2CYcBBZQY=">AAACBXicbVC7TsMwFHV4lvIKMMIQUSG1Q0ucBRakSiwdi0QfUptWjuu0Vh0nsh1EiLqw8CssDCDEyj+w8Te4bQZoOdKVjs65V/fe40WMSmXb38bK6tr6xmZuK7+9s7u3bx4cNmUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6Tlja+nfuuOCElDfquSiLgBGnLqU4yUlvrmycNVF7FohIqwfN9zyknPKfXSIjx3SpN83yzYFXsGa5nAjBRAhnrf/OoOQhwHhCvMkJQdaEfKTZFQFDMyyXdjSSKEx2hIOppyFBDpprMvJtaZVgaWHwpdXFkz9fdEigIpk8DTnQFSI7noTcX/vE6s/Es3pTyKFeF4vsiPmaVCaxqJNaCCYMUSTRAWVN9q4RESCCsd3DQEuPjyMmk6FWhX4I1dqNayOHLgGJyCIoDgAlRBDdRBA2DwCJ7BK3gznowX4934mLeuGNnMEfgD4/MHnAyWDg==</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit><latexit sha1_base64="oT3SFw6VCzaES2Ig0L8tnPMn7Ps=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahXbQmQdCNUHDTZQX7gDYtk+mkHTp5MDMRY+jGjb/ixoUibv0Hd/6NkzYLbT1w4XDOvdx7jxMyKqRhfGu5ldW19Y38ZmFre2d3T98/aIkg4pg0ccAC3nGQIIz6pCmpZKQTcoI8h5G2M7lO/fYd4YIG/q2MQ2J7aORTl2IklTTQjx+ueoiFY1QyK/d9qxL3rXI/KZlnVnlaGOhFo2rMAJeJmZEiyNAY6F+9YYAjj/gSMyRE1zRCaSeIS4oZmRZ6kSAhwhM0Il1FfeQRYSezL6bwVClD6AZclS/hTP09kSBPiNhzVKeH5Fgseqn4n9eNpHtpJ9QPI0l8PF/kRgzKAKaRwCHlBEsWK4Iwp+pWiMeIIyxVcGkI5uLLy6RlVU2jat6cF2v1LI48OAInoARMcAFqoA4aoAkweATP4BW8aU/ai/aufcxbc1o2cwj+QPv8AZ1MlhI=</latexit>



Comparison
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Trowbridge-Reitz has a longer tail; 
matches experimental data better



Anisotropy
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Cylindrical Microsurface

Anisotropic Microfacet Distributions



Anisotropic Microfacet Distributions
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Cylindrical Microsurface



Anisotropic Distributions via Stretching
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[Heitz 14]



Anisotropic Distributions via Stretching

Idea: use isotropic microfacet distribution function 
with 

Define x stretch factor by: 

Remap directions: 

Can use existing shadowing/masking functions, 
isotropic microfacet distribution functions 
without needing to generalize them to be 
anisotropic!
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↵ = ↵y

sx = ↵y/↵x

(x, y, z) ! \(sxx, y, z)



Sampling



Estimating The Reflection Equation
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Estimating The Reflection Equation
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estimator:
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Estimating The Reflection Equation
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Effective approach: start by sampling              ;      follows.
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!0

More effective approach: sample      according to visible 
microfacet distribution.
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Visible Area Sampling
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Visible Area Sampling
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Advanced Topics in  
Microfacet Reflection



Glints
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Zeltner et al. 2020. Specular Manifold Sampling for 
Rendering High-Frequency Caustics and Glints. 

Stochastic search for connecting 
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[Zeltner et al. 2020]



Interreflection

Idea: stochastic evaluation of BRDF 

Correct result in expectation 

No explicit representation of microgeometry; 
instead, probabilistic model for intersections
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Heitz, E. et al. 2016. Multiple-Scattering Microfacet BSDFs 
with the Smith Model.



Microfacet Interreflection

Stanford CS348b Spring 2022 Lecture 9

Heitz, E. et al. 2016. Multiple-Scattering Microfacet BSDFs 
with the Smith Model.



Non-Specular Microfacets

￭     is the microfacet BRDF  
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Specular Microfacets Redux
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Wave Effects
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Holzschuch and Pacanowski. 2017. 
A two-scale microfacet reflectance model 
combining reflection and diffraction.



Lambertian Generalizations
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d’Eon, E. 2021. An Analytic BRDF for Materials with Spherical 
Lambertian Scatterers. 

Heitz, E. et al. 2016. Multiple-Scattering Microfacet BSDFs 
with the Smith Model.



Spherical Lambertian Diffuse
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d’Eon, E. 2021. An Analytic BRDF for Materials with Spherical 
Lambertian Scatterers. 



Layered Surfaces



Layered Reflection Models
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Weidlich and Wilkie. 2007. 
Arbitrarily Layered Micro-Facet Surfaces.



Layered Reflection Models

Stanford CS348b Spring 2022 Lecture 9

fr+(o��i)

<latexit sha1_base64="KnVBmwtTLe/+sFpXdgl29htJPTQ="></latexit>

fr(!o ! !i) = f+
r (!o ! !i) + · · ·



Layered Reflection Models
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Thin Dielectric BSDF

Stanford CS348b Spring 2022 Lecture 8

Glass (ռ = 1.5)

Air (ռ = 1)

Air (ռ = 1)

R

R

T

T

<latexit sha1_base64="+C/q9H4VrAHpzChLno4lh+EtNxk=">AAACIHicbVDLSgMxFM3UV62vqks3wSIKYpkpYt0IBTdd1qEvaKclk8m0oZnJkGSEMvRT3Pgrblwoojv9GtPpLLR6ILmHc+4luceNGJXKND+N3Mrq2vpGfrOwtb2zu1fcP2hLHgtMWpgzLroukoTRkLQUVYx0I0FQ4DLScSe3c79zT4SkPGyqaUScAI1C6lOMlJaGxap9Cm+gDc9h026mt53WPva4kpnV9wXCSXNQgfYssS7sQWU2LJbMspkC/iVWRkogQ2NY/Oh7HMcBCRVmSMqeZUbKSZBQFDMyK/RjSSKEJ2hEepqGKCDSSdIFZ/BEKx70udAnVDBVf04kKJByGri6M0BqLJe9ufif14uVf+0kNIxiRUK8eMiPGVQcztOCHhUEKzbVBGFB9V8hHiOdhtKZFnQI1vLKf0m7UrauytbdZalWz+LIgyNwDM6ABaqgBuqgAVoAgwfwBF7Aq/FoPBtvxvuiNWdkM4fgF4yvbzfwni8=</latexit>

R0 = R+ TRT + TRRRT + · · · = R+
T 2R

1�R2

<latexit sha1_base64="KKR/szVGf5Xadox6oWi6iaqocWs=">AAACEnicbZDLSgMxFIYz9VbrbdSlm2CRKmKZEVE3QsFNl7VML9AOJZPJ1NBMMiQZoZQ+gxtfxY0LRdy6cufbmLaz0NYDIR//fw7J+YOEUaUd59vKLS2vrK7l1wsbm1vbO/buXlOJVGLSwIIJ2Q6QIoxy0tBUM9JOJEFxwEgrGNxO/NYDkYoK7ulhQvwY9TmNKEbaSD37xCvBG+h58BR69Xp2zaCLQ6GVcV14Buulnl10ys604CK4GRRBVrWe/dUNBU5jwjVmSKmO6yTaHyGpKWZkXOimiiQID1CfdAxyFBPlj6YrjeGRUUIYCWkO13Cq/p4YoVipYRyYzhjpezXvTcT/vE6qo2t/RHmSasLx7KEoZVALOMkHhlQSrNnQAMKSmr9CfI8kwtqkWDAhuPMrL0LzvOxelt27i2KlmsWRBwfgEBwDF1yBCqiCGmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP2V9/gCqq5h7</latexit>

T 0 = TT + TRRT + TRRRRT + · · · = 1�R0
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Copper patinas, 
Dorsey and Hanrahan

<latexit sha1_base64="sID9+X/8jaaXcJDT5Lek4m7shzM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeACB7jIw9IljA76U2GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777RRWVtfWN4qbpa3tnd298v5BU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj66nfekKleSwfzThBP6IDyUPOqLHSw33P65UrbtWdgSwTLycVyFHvlb+6/ZilEUrDBNW647mJ8TOqDGcCJ6VuqjGhbEQH2LFU0gi1n81OnZATq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0SjYEb/HlZdI8q3oXVe/uvFK7yeMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvLXg5DOH8AfO5w/UnI2D</latexit>

R1

<latexit sha1_base64="pht66prtHH3fy2P6GmNB76Xvpwo=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jEggsf4yAOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMrqd+64lrI2L1iOOE+xEdKBEKRtFKD/e9aq9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdKsVryLind3Xq7d5HEU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/WII2E</latexit>

R2

<latexit sha1_base64="ti1G3our1SGpkLFs/+tBZP9y5gs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBBI8V+wVtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFtfWNzq7hd2tnd2z8oHx61dJwqhk0Wi1h1AqpRcIlNw43ATqKQRoHAdjC+nfntJ1Sax7JhJgn6ER1KHnJGjZUeG32vX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj91Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJb/yMyyQ1KNliUZgKYmIy+5sMuEJmxMQSyhS3txI2oooyY9Mp2RC85ZdXSeui6l1VvYfLSu0uj6MIJ3AK5+DBNdTgHurQBAZDeIZXeHOE8+K8Ox+L1oKTzxzDHzifP9eojYU=</latexit>

T1
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<latexit sha1_base64="dfry9dss5aJxk0FeeYMhYBuSCfM="></latexit>

R = R1 + T1 R2 T1 + · · · = R1 +
T 2
1 R2

1�R1 R2

<latexit sha1_base64="SayDQ6TIRTofpsuynAH12H7TfIM=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeiyI4LEV+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WDGSfoR3QgecgZNVaq3/dKZbfizkCWiZeTMuSo9Upf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9mh07IqVX6JIyVLWnITP09kdFI63EU2M6ImqFe9Kbif14nNeG1n3GZpAYlmy8KU0FMTKZfkz5XyIwYW0KZ4vZWwoZUUWZsNkUbgrf48jJpnle8y4pXvyhXb/M4CnAMJ3AGHlxBFe6gBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHr4CM3w==</latexit>

R
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Single-scattering approximation
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Weidlich and Wilkie. 2007. 
Arbitrarily Layered Micro-Facet Surfaces.

<latexit sha1_base64="5lE+Kb2/XMwHEi4nOLoaCNzX+aU="></latexit>

fr(!o ! !i) ⇡f+
r (!o ! !i)+

ft(!o ! !0) cos ✓0fr(!
0 ! �!00) cos ✓00ft(!

00 ! !i)

Single evaluation directions      
and     found by sampling 
specular transmission.

<latexit sha1_base64="+aEnJ2un4q2FoAXOFkHWGOqbGMM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA9hV0R9RjwkmME84BkCbOTTjJkZnaZmRXCko/w4kERr36PN//GSbIHTSxoKKq66e6KEsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZxqhg0Wi1i3I2pQcIUNy63AdqKRykhgKxrfz/zWE2rDY/VoJwmGkg4VH3BGrZNa3VjikF70SmW/4s9BVkmQkzLkqPdKX91+zFKJyjJBjekEfmLDjGrLmcBpsZsaTCgb0yF2HFVUogmz+blTcu6UPhnE2pWyZK7+nsioNGYiI9cpqR2ZZW8m/ud1Uju4CzOuktSiYotFg1QQG5PZ76TPNTIrJo5Qprm7lbAR1ZRZl1DRhRAsv7xKmleV4KYSPFyXq7U8jgKcwhlcQgC3UIUa1KEBDMbwDK/w5iXei/fufSxa17x85gT+wPv8AfZmj1g=</latexit>

!0
<latexit sha1_base64="aj6YyD6XaZTuaQRZjJNmqoMLHAw=">AAAB73icbVDLSgNBEOz1GeMr6tHLYJB4Crsi6jHgJccI5gHJEmYns8mQeawzs0JY8hNePCji1d/x5t84SfagiQUNRVU33V1Rwpmxvv/tra1vbG5tF3aKu3v7B4elo+OWUakmtEkUV7oTYUM5k7RpmeW0k2iKRcRpOxrfzfz2E9WGKflgJwkNBR5KFjOCrZM6PSXoEFcq/VLZr/pzoFUS5KQMORr90ldvoEgqqLSEY2O6gZ/YMMPaMsLptNhLDU0wGeMh7ToqsaAmzOb3TtG5UwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMb34YZk0lqqSSLRXHKkVVo9jwaME2J5RNHMNHM3YrICGtMrIuo6EIIll9eJa3LanBdDe6vyrV6HkcBTuEMLiCAG6hBHRrQBAIcnuEV3rxH78V79z4WrWtePnMCf+B9/gBZDY+J</latexit>

!00
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