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Participating Media and Volume Rendering

Applications: 

! Clouds, smoke, water, ... 

! Subsurface scattering: paint, skin, ... 

Topics: 

! Absorption and emission 

! Scattering and phase functions 

! The volume rendering equation 

!Null scattering and sampling for 
Monte Carlo integration



Participating Media
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Absorption

Absorption cross section:  

! Probability of being absorbed per unit length 

! Units: 1/distance

L(p,!) L+ dL
�a(p)

�a(p)

dL(p,!) = ��a(p)L(p,!) ds

<latexit sha1_base64="uZUxEoPp7S41VlkvCf+UD6TBg7s=">AAAB8nicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLoxmUF+4DpUDKZTBuaZIYkI5Shn+HGhSJu/Rp3/o2ZdhbaeiBwOOdecu4JU860cd1vZ219Y3Nru7JT3d3bPzisHR13dZIpQjsk4Ynqh1hTziTtGGY47aeKYhFy2gsnd4Xfe6JKs0Q+mmlKA4FHksWMYGMlfyCwGSuRRzM9rNXdhjsHWiVeSepQoj2sfQ2ihGSCSkM41tr33NQEOVaGEU5n1UGmaYrJBI+ob6nEguogn0eeoXOrRChOlH3SoLn6eyPHQuupCO1kEVEve4X4n+dnJr4JcibTzFBJFh/FGUcmQcX9KGKKEsOnlmCimM2KyBgrTIxtqWpL8JZPXiXdZsO7ajQfLuut27KOCpzCGVyAB9fQgntoQwcIJPAMr/DmGOfFeXc+FqNrTrlzAn/gfP4A2+KRow==</latexit>

ds



Absorption: Lower Density

Walt Disney Animation Studios



Absorption: Higher Density

Walt Disney Animation Studios
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Transmittance

dL(p,!) = ��a(p)L(p,!) ds

dL(p,!)

L(p,!)
= ��a(p) ds

s0

logL(p + s!,!)� logL(p,!) = �
Z s

0
�a(p + s0!,!) ds0

<latexit sha1_base64="t7zKKs2th+MdGReyiZIR94B2e0c="></latexit>

Transmittance: 

<latexit sha1_base64="xV9pH/CB5zfbKsCuM4fsjRwsL2Q="></latexit>

L(p + s!,!) = e�
R s
0 �a(p+s0!,!) ds0L(p,!) = T (s)L(p,!)

<latexit sha1_base64="cMCmOiTcZo4fF51uF0hA/E9j8Lo="></latexit>

T (s) = e�
R s
0 �a(p+s0!,!) ds0



Optical distance (depth):  

Homogeneous medium–constant    : 

Beer’s Law:
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Optical Thickness and Beer’s Law

s0

�a ⌧(s) = �as

⌧(s) =

Z s

0
�a(p

0) ds0 p0 = p + s0!

<latexit sha1_base64="ltO0l8KuiDCMV+fN8CCBq5nVL34=">AAACKXicbZDLSgMxFIYz9VbrrerSTbAIdWGZKaJuhKIblxV6g7aWM2mmDU1mhiQjlGFex42v4kZBUbe+iJm2grb+EPj5zjnknN8NOVPatj+szNLyyupadj23sbm1vZPf3WuoIJKE1knAA9lyQVHOfFrXTHPaCiUF4XLadEfXab15T6VigV/T45B2BQx85jEC2qBevlIrqmN8iTsC9FCKmCZ38UlHQ2RwssAVGwjo/TBIsEp6+YJdsifCi8aZmQKaqdrLv3T6AYkE9TXhoFTbsUPdjUFqRjhNcp1I0RDICAa0bawPgqpuPLk0wUeG9LEXSPN8jSf090QMQqmxcE1nuqSar6Xwv1o70t5FN2Z+GGnqk+lHXsSxDnAaG+4zSYnmY2OASGZ2xWQIEog24eZMCM78yYumUS45Z6Xy7WmhcjWLI4sO0CEqIgedowq6QVVURwQ9oCf0it6sR+vZerc+p60Zazazj/7I+voGbF2m1Q==</latexit>

T (s) = e�⌧(s) = e��as
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Out-Scattering

Scattering cross-section:  

! Probability of being scattered per unit length

�s

L(p,!) L+ dL

ds

�s(p)

dL(p,!) = ��s(p)L(p,!) ds
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Extinction

Total cross section: 

Albedo: 

Optical distance from absorption and scattering:

�t = �a + �s

W =
�s

�t
=

�s

�a + �s

L(p,!) L+ dL

ds

�t(p)

dL(p,!) = ��t(p)L(p,!) ds

⌧(s) =

Z s

0
�t(p

0) ds0



Ray Marching to Compute Transmittance

Riemann sum:
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T (s) = e�⌧(s)

xi = x+
i+ 0.5

N
!

⌧(s) ⇡ s

N

NX

i

�t(xi)

<latexit sha1_base64="79TKG69IWojH/dQ+WtkoUuEaYto="></latexit>

⌧(s) =

Z s

0
�t(p + s0!) ds
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Emission

ds

dL(p,!) = �a(p)Le(p,!) ds
<latexit sha1_base64="OAC34Fk5xqY22bEuAjA+5BwjUhI="></latexit>

L(p,!) L+ dL
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Participating Media and Volume Rendering

Jim Price



Jim Price
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In-Scattering

Phase function: 

Reciprocity: 

Energy conservation:
Z

S2

p(!0 ! !) d!0 = 1

p(!0 ! !)

p(!0 ! !) = p(! ! !0)

S(p,!) = �s(p)

Z

S2

p(!0 ! !)L(p,!0) d!0

ds

<latexit sha1_base64="tk8qJLhIj57C8ueMlbn7KHM6dzY=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFiEuilJEXVZdOOygr1AE8JkOm2HzkzCzEQoISs3voobF4q49Rnc+TZO2gja+sPAx3/OYc75w5hRpR3ny1paXlldWy9tlDe3tnd27b39tooSiUkLRyyS3RApwqggLU01I91YEsRDRjrh+Dqvd+6JVDQSd3oSE5+joaADipE2VmAfeYoOOQo8jvRI8lRl1R+Ms9PArjg1Zyq4CG4BFVCoGdifXj/CCSdCY4aU6rlOrP0USU0xI1nZSxSJER6jIekZFIgT5afTMzJ4Ypw+HETSPKHh1P09kSKu1ISHpjNfUc3XcvO/Wi/Rg0s/pSJONBF49tEgYVBHMM8E9qkkWLOJAYQlNbtCPEISYW2SK5sQ3PmTF6Fdr7nntfrtWaVxVcRRAofgGFSBCy5AA9yAJmgBDB7AE3gBr9aj9Wy9We+z1iWrmDkAf2R9fAMj+pmO</latexit>

�s(p)
L(p,!) L+ dL



Scattering: Lower Density

Walt Disney Animation Studios



Scattering: Higher Density

Walt Disney Animation Studios
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Phase Functions

Phase angle 

Phase functions 

! Isotropic: 

! Rayleigh: 

!Mie:

cos ✓ = ! · !0

p(cos ✓) =
1

4⇡

p(cos ✓) =
3

4
(1 + cos2 ✓)

<latexit sha1_base64="q/laJH5gkD4GPalR9oE/j98JO/M=">AAACF3icbVDJSgNBEO1xjXEb9eilMQgRIcwkAb0IQS8eI5gFMmPo6fQkTXoWumuEMMxfePFXvHhQxKve/Bs7i6CJDwoe71VRVc+LBVdgWV/G0vLK6tp6biO/ubW9s2vu7TdVlEjKGjQSkWx7RDHBQ9YADoK1Y8lI4AnW8oZXY791z6TiUXgLo5i5AemH3OeUgJa6ZikuOjRS2IEBA3Jy4fiS0LSSpdUMF218isfuXfnH 75oFq2RNgBeJPSMFNEO9a346vYgmAQuBCqJUx7ZicFMigVPBsryTKBYTOiR91tE0JAFTbjr5K8PHWulhP5K6QsAT9fdESgKlRoGnOwMCAzXvjcX/vE4C/rmb8jBOgIV0ushPBIYIj0PCPS4ZBTHShFDJ9a2YDohOBnSUeR2CPf/yImmWS3alVL6pFmqXszhy6BAdoSKy0RmqoWtURw1E0QN6Qi/o1Xg0no03433aumTMZg7QHxgf38loncs=</latexit>

with

[Philip Laven]

�s /
1

�4
<latexit sha1_base64="5H0De0IUmbcPAEKbbJHDek9xLAg=">AAACDXicbVA7T8MwGHTKq5RXgJHFoiAxVUmpBGMFC2OR6ENqQuQ4TmvViS3bQaqi/gEW/goLAwixsrPxb3DbDNBykqXT3ffZvgsFo0o7zrdVWlldW98ob1a2tnd29+z9g47imcSkjTnjshciRRhNSVtTzUhPSIKSkJFuOLqe+t0HIhXl6Z0eC+InaJDSmGKkjRTYJ56igwQFCnpCcqE59GKJcO5Oco+ZayJ035gEdtWpOTPAZeIWpAoKtAL7y4s4zhKSasyQUn3XEdrPkdQUMzKpeJkiAuERGpC+oSlKiPLzWZoJPDVKBGMuzUk1nKm/N3KUKDVOQjOZID1Ui95U/M/rZzq+9HOaikyTFM8fijMGTehpNTCikmDNxoYgLKn5K8RDZNrQpsCKKcFdjLxMOvWae16r3zaqzauijjI4AsfgDLjgAjTBDWiBNsDgETyDV/BmPVkv1rv1MR8tWcXOIfgD6/MHw6Ob/g==</latexit>



Stanford CS348b Spring 2022 Lecture 14

Rayleigh Scattering: Blue Sky, Red Sunset

From Greenler: Rainbows, Halos, and Glories
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Henyey-Greenstein Phase Function

Empirical phase function 

Average phase angle g:

p(cos ✓) =
1

4⇡

1� g2

(1 + g2 � 2g cos ✓)3/2

g = 2⇡

Z 2⇡

0
p(cos ✓) cos ✓ sin ✓ d✓

g = �0.3 g = 0 g = 0.6



More Backward 
Scattering

More Forward 
Scattering
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Direct Illumination in a Volume

Can treat like direct 
illumination at a surface 

! Sample from phase 
function’s distribution 

! Sample from light source 
distributions 

!Weight using multiple 
importance sampling

Sd(p
0,!) = �s(p

0)

Z

S2

p(!0 ! !)Ld(p
0,!0) d!0

<latexit sha1_base64="6d3c30AxGRlsvLnz/i5LsM/vYOs="></latexit>
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Direct Illumination in a Volume

Computing direct lighting, 
can be expensive 

!Not just a shadow ray–
need to compute 
transmittance

Ld

Sd(p
0,!) = �s(p

0)

Z

S2

p(!0 ! !)Ld(p
0,!0) d!0

<latexit sha1_base64="6d3c30AxGRlsvLnz/i5LsM/vYOs="></latexit>

�s(p
0)
1

N

NX

i

p(!i ! !)Ld(p0,!i)

p(!i)
Estimator:
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Single-Scattering

Minneart: Color and Light 
In The Open Air
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Single Scattering
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The Volume Rendering Equation

Integro-differential equation: 

Integro-integral equation:

Attenuation: absorption 
and scattering

Source: in-scattering 
and emission

@L(p,!)

@s
= ��tL(p,!) + S(p,!)

L(p,!) =

Z 1

0
T (p0)S(p0,!) ds0

e�
R s0
0 �t(p

00) ds00
<latexit sha1_base64="i57GXqaHe0PzS0ADaDy4EnAQwzk="></latexit>

Le(p) + �s(p
0)

Z

S2

p(!0 ! !)L(p0,!0) d!0
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Volumetric Path Tracing

Integro-integral equation: 

Monte Carlo integration: sample 

Estimator: 

s0 ⇠ p(s)

L(p,!) =

Z 1

0
T (p0)S(p0,!) ds0

T (p0)S(p0,!)

p(s0)
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Evaluating the Estimator: S

Include indirect illumination in the source term:

▪ Compute direct lighting as before 
▪ Sample incident direction from the phase 

function’s distribution, trace a ray recursively…

<latexit sha1_base64="i57GXqaHe0PzS0ADaDy4EnAQwzk="></latexit>

Le(p) + �s(p
0)

Z

S2

p(!0 ! !)L(p0,!0) d!0

<latexit sha1_base64="R8ZJugNPcogUQGiX3vqaH+p471g="></latexit>

Li(p,!
0) ⇡ p(!00 ! !0)L(p,!00)

p(!00)

<latexit sha1_base64="KTe40FZ11ARlFk5qu9jUiRzklKU=">AAACSHicdVBLSwMxGMyur1pfqx69BItYUcpuEfUiFL146KGCfUBblmw224Ymu0uSFcrSn+fFozd/gxcPingzfQi1rQOBYWY+vi/jxYxKZduvhrm0vLK6llnPbmxube9Yu3s1GSUCkyqOWCQaHpKE0ZBUFVWMNGJBEPcYqXu926FffyRC0ih8UP2YtDnqhDSgGCktuZZbzrc4Ul3B03hwBlsRJx10fAKvYdn9NfzB4szpVIb+k3GtnF2wR4DzxJmQHJig4lovLT/CCSehwgxJ2XTsWLVTJBTFjAyyrUSSGOEe6pCmpiHiRLbTUREDeKQVHwaR0C9UcKROT6SIS9nnnk4Oj5Wz3lBc5DUTFVy1UxrGiSIhHi8KEgZVBIetQp8KghXra4KwoPpWiLtIIKx091ldgjP75XlSKxaci0Lx/jxXupnUkQEH4BDkgQMuQQncgQqoAgyewBv4AJ/Gs/FufBnf46hpTGb2wR+Y5g94p7D8</latexit>

L(p,!0) = Ld(p,!
0) + Li(p,!

0)



Stanford CS348b Spring 2022 Lecture 14

The Fermiac
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Linear Sampling of T

We want samples along a 
finite ray [0,tmax]. 

⇠ =

Z t

0
p(t) dt

▪ Uniform probability along the ray:

t = ⇠tmax
<latexit sha1_base64="faND1XzqPe/nNKgU+M4ZttNfa7E=">AAAB/3icbVDLSgMxFM34rPVVFdy4CRbBVZmpgm6EohuXFewDOkPJpGkbmmSG5I60jF34K25cKOLW33Dn35hpu9DWA4HDOfdyT04YC27Adb+dpeWV1bX13EZ+c2t7Z7ewt183UaIpq9FIRLoZEsMEV6wGHARrxpoRGQrWCAc3md94YNrwSN3DKGaBJD3Fu5wSsFK7cAj4CvtDjqHtSwJ9LVNJhuN2oeiW3AnwIvFmpIhmqLYLX34noolkCqggxrQ8N4YgJRo4FWyc9xPDYkIHpMdalioimQnSSf4xPrFKB3cjbZ8CPFF/b6REGjOSoZ3MMpp5LxP/81oJdC+DlKs4Aabo9FA3ERginJWBO1wzCmJkCaGa26yY9okmFGxleVuCN//lRVIvl7yzUvnuvFi5ntWRQ0foGJ0iD12gCrpFVVRDFD2iZ/SK3pwn58V5dz6mo0vObOcA/YHz+QOIhJXP</latexit>

p(t) =
1

tmax
<latexit sha1_base64="nvPFyGVi/JpxKwQbQTptZ1vNy8c=">AAACCHicbVDLSsNAFJ3UV62vqksXDhahbkpSBd0IRTcuK9gHNKFMppN26EwSZm7EErJ046+4caGIWz/BnX/j9LHQ1gMXDufcy733+LHgGmz728otLa+sruXXCxubW9s7xd29po4SRVmDRiJSbZ9oJnjIGsBBsHasGJG+YC1/eD32W/dMaR6FdzCKmSdJP+QBpwSM1C0exmU4wZfYDRShqZOl0HUlgYGSqSQPWdYtluyKPQFeJM6MlNAM9W7xy+1FNJEsBCqI1h3HjsFLiQJOBcsKbqJZTOiQ9FnH0JBIpr108kiGj43Sw0GkTIWAJ+rviZRIrUfSN53jI/W8Nxb/8zoJBBdeysM4ARbS6aIgERgiPE4F97hiFMTIEEIVN7diOiAmEjDZFUwIzvzLi6RZrTinlertWal2NYsjjw7QESojB52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrTlrNrOP/sD6/AFyAZmm</latexit>

▪ Sampling recipe:
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Exact Sampling of Uniform T

We want samples along a 
finite ray [0,tmax], p(t) / e��t

p(t) = ce��t

Z tmax

0
e��t dt = � 1

�
(e��tmax � 1) = c

▪ Normalize to find PDF:

⇠ =

Z t

0
p(t) dt

t = � 1

�
log(1� ⇠(1� e��tmax))

▪ Invert to find t for a random sample:
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ExponentialLinear
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Volumetric Path Tracing

Integro-integral equation: 

Monte Carlo integration: sample 

Estimator:

s0 ⇠ p(s)

L(p,!) =

Z 1

0
T (p0)S(p0,!) ds0

T (p0)S(p0,!)

p(s0)

We “just” need to be able to evaluate 
and to sample s0 ⇠ p(s)

<latexit sha1_base64="IVzRDc4qW7tJMBpiOE2PtB1G744=">AAAB9XicbVDLSgMxFL3js9ZX1aWbYBHrpswUUZdFNy4r9AVtLZk004YmmSHJKGXof7hxoYhb/8Wdf2OmnYW2HggczrmXe3L8iDNtXPfbWVldW9/YzG3lt3d29/YLB4dNHcaK0AYJeajaPtaUM0kbhhlO25GiWPictvzxbeq3HqnSLJR1M4loT+ChZAEj2FjpoV7qCmxGSiTR9Oy8Xyi6ZXcGtEy8jBQhQ61f+OoOQhILKg3hWOuO50aml2BlGOF0mu/GmkaYjPGQdiyVWFDdS2app+jUKgMUhMo+adBM/b2RYKH1RPh2Ms2oF71U/M/rxCa47iVMRrGhkswPBTFHJkRpBWjAFCWGTyzBRDGbFZERVpgYW1TeluAtfnmZNCtl77Jcub8oVm+yOnJwDCdQAg+uoAp3UIMGEFDwDK/w5jw5L8678zEfXXGynSP4A+fzB+6jkiY=</latexit>

T (p0)
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Problem #1…

We would like an unbiased estimator of 

However, using MC to estimate 

and then taking        is biased: 

Systemically underestimates transmittance(!)

E[eX ] 6= eE[X]

X =

Z s0

0
�t(p + s00!) ds00 ⇡ �t(p0)

p(p0)

e�X

T (s) = e�
R s
0 �t(p+s0!,!) ds0

<latexit sha1_base64="sUXB1qjKLVrzFXhu42/TM86FgnY="></latexit>
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Solution?

Want to integrate 

Would like to draw samples from                          
for arbitrary    . 

Then                 is a constant. 

Idea: introduce fictitious “null scattering” particles 
that make the density uniform.

e�
R s0
0 �t(p+s00!) ds00

�t

T (p0)/p(s0)
<latexit sha1_base64="S9BsLLKcJ2yTUgFTIT7IlJJ9IrI=">AAAB/XicbVDLSgMxFM34rPU1PnZugkXabupMFXRZdOOyQl/QDiWTZtrQTCYkGaEOxV9x40IRt/6HO//GTDsLbT0QOJxzL/fk+IJRpR3n21pZXVvf2Mxt5bd3dvf27YPDlopiiUkTRyySHR8pwignTU01Ix0hCQp9Rtr++Db12w9EKhrxhp4I4oVoyGlAMdJG6tvHjVIvRHokw0RMi+VzUVLFct8uOBVnBrhM3IwUQIZ63/7qDSIch4RrzJBSXdcR2kuQ1BQzMs33YkUEwmM0JF1DOQqJ8pJZ+ik8M8oABpE0j2s4U39vJChUahL6ZjJNqha9VPzP68Y6uPYSykWsCcfzQ0HMoI5gWgUcUEmwZhNDEJbUZIV4hCTC2hSWNyW4i19eJq1qxb2oVO8vC7WbrI4cOAGnoARccAVq4A7UQRNg8AiewSt4s56sF+vd+piPrljZzhH4A+vzB7wzlBo=</latexit>

L(p,!) =

Z 1

0
T (p0)S(p0,!) ds0
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Delta Tracking

[Novák et al. 2014]
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Delta Tracking

Compute majorant  

While (still in the volume) 
 
Sample: 
 
Accept with probability: 
 
Otherwise, restart at s’ 

Samples exactly according to                          !

�̂t � �t(p) 8p

�t(p + s0!)

�̂t

s0 = � 1

�̂t
log(1� ⇠)

e�
R s0
0 �t(p+s00!) ds00
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Null-Collision Volume LTE

Before: 

Using: 

Now: 

@L(p,!)

@s
= ��tL(p,!) + S(p,!)

@L(p,!)

@s
=� �t(p)L(p,!) +��n(p)L(p,!)+

S(p,!) + �n(p)

Z
�(! � !0)L(p,!0) d!0

��n(p)L(p,!) + �n(p)

Z
�(! � !0)L(p,!0) d!0 = 0
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Null-Collision Volume LTE

Attenuation: absorption,  
scattering, null-scattering

Null-scattering 
compensation

L(p,!) =

Z 1

0
Tn(p

0) (S(p0,!) + �n(p
0)L(p0,!))ds0

e�
R t0
0 �t(p

00)+�n(p
00) dt00

(Same old source term)
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Null-collision Volume LTE

Monte Carlo integration: 
 
Define 
 
Now 
 
Easy to sample from &     is analytic! 

L(p,!) =

Z 1

0
Tn(p

0) (S(p0,!) + �n(p
0)L(p0,!))ds0

�n(p) = �̂t � �t(p)

Tn(p
0) = e�

R t0
0 �̂t dt

00

Tn
<latexit sha1_base64="Q2l2Xq2N1FH8kM2gBjhyRosp7i8=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw0mPFfkEbymY7aZduNmF3I5TQn+DFgyJe/UXe/Ddu2xy09cHA470ZZuYFieDauO63s7G5tb2zW9gr7h8cHh2XTk7bOk4VwxaLRay6AdUouMSW4UZgN1FIo0BgJ5jcz/3OEyrNY9k00wT9iI4kDzmjxkqPzYEclMpuxV2ArBMvJ2XI0RiUvvrDmKURSsME1brnuYnxM6oMZwJnxX6qMaFsQkfYs1TSCLWfLU6dkUurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCOz/jMkkNSrZcFKaCmJjM/yZDrpAZMbWEMsXtrYSNqaLM2HSKNgRv9eV10q5WvOtK9eGmXKvncRTgHC7gCjy4hRrUoQEtYDCCZ3iFN0c4L86787Fs3XDymTP4A+fzBzRojcM=</latexit>



Single Scattering



Multiple Scattering
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Non-Exponential Media

[Bitterli et al. 2018]
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Exponential

[Bitterli et al. 2018]
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Non-Exponential

[Bitterli et al. 2018]


